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ABSTRACT: A chiral spin state is not only characterized by the T and P order
parameter Fo3 = 51 : (52 X 53) It is also characterized by an integer k. In this paper we
show that this integer k£ can be determined from the vacuum degeneracy of the chiral spin
state on compactified spaces. On a Riemann surface with genus g the vacuum degeneracy
of the chiral spin state is found to be 2kY9. Among those vacuum states k9 states have
(E123) > 0, other k9 states have (Ej23) < 0. The dependence of the vacuum degeneracy
on the topology of the space reflect some sort of topological ordering in the chiral spin

state. In general the topological ordering in a system is classified by topological theories.
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Recently Witten! (also see Ref. 2) studied the quantization of many topological theo-
ries, including the quantization of the non-abelian Chern-Simons theory in 142 dimensions
described by

L= /d?’x % Tr (A,JayAA — %AMAZ,AA) A, (1)

It is found that the Hilbert space of (1) has finite dimensions and the number of dimensions
depend on the topology of the (compactified) two dimensional space.

In some studies of the high T, superconductors, it is show that the vacuum of frustrated
spin model may be a chiral spin state.3* The fluctuations around chiral spin state are
described by the following low energy effective action?

k 1
Lo = /d?’x {E audyay A 4 g—2(fW)2
+ (higher derivative terms) (2)

where a,, is the dynamically generated U(1) gauge field.” Note the charge coupled to ay s
chosen to be one. (2) should be regarded as an compact U(1) gauge theory.

The effective theory (2) is not a topological theory, but when g% is large, all local

excitations have gaps of order 92. At energy scales much lower than gz, only the global
excitations are allowed and the model is described by the topological theory

1
Liop = E/d?’x k audyay A, (3)

Using renormalization group language, we may say (3) is the infrared fix point of (2).

Because the topological theory (3) contains only linear time derivative terms, the
Hamiltonian is identically zero, and all the quantum states of (3) have zero energy. Note
(3) is a scaleless theory containing no dimensional parameters. The quantum states cannot
have non-zero energies. Therefore, the number of the dimensions of Hilbert space of (3)
is equal to the number of vacuum degeneracy of the model (2) (defined on compactified
two dimensional space). We may use the method in the topological theory to calculate the
vacuum degeneracy of systems described by (2).

The studies in Ref. 4 suggest that the frustrated Heisenberg model may support 7" and
P breaking vacua — chiral spin states. The T and P order parameter is given by a three
spin operator

Byo3 = (51 X 52) - Ss. (4)

Under T and P, E193 — —FE123. The T and P breaking properties of chiral spin states are
characterized by the non-zero vacuum expectation value (VEV) of F193. Furthermore, the
mean field study of chiral spin state suggests that chiral spin (liquid) states are not only
characterized by the non-zero VEV of Ejs3, but also characterized by an integer (Figure
1). The integer is nothing but the integer k appearing in front of the Chern-Simons term

in the effective action? of chiral spin states. Now the question is whether there is a direct
and a physical way to measure the integer k£ which characterizes chiral spin state. In
the following we will show that the integer k can be measured directly by measuring the
vacuum degeneracy of chiral spin state on a compactified space, say, a torus. We find that
on a torus the vacuum degeneracy of chiral spin state is equal to 2|k| if & # 0. Thus chiral
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spin state is characterized both by the T and P order parameter E193 and by its vacuum
degeneracy on a torus.

Since the low energy excitations of chiral spin states are described by (3), therefore
to calculate the vacuum degeneracy of the chiral spin states on a torus, we only need to
calculate the vacuum degeneracy of (3) on the same torus.

Now let us first quantize (3). Following Ref. 1,2 we may quantize (3) in the gauge®
ag = 0.

The equation of motion for ag still needs to be taken into account and serves as an con-
straint. That is 5

0ii
% Ltop =€ Z]fij =0, (5)

which means f19 vanishes on the torus. The gauge potential satisfying (5) is parameterized
by two real parameters corresponding to the constant gauge potential:

ap = ay(t), az=as(t). (6)

Due to residual (time independent) gauge symmetries, different a; may correspond to gauge
equivalent configurations. Actually if the torus (denoted as T7) is given by a rectangle
L1 x Lo with periodic boundary condition, then the following two gauge configurations a;
and ag are gauge equivalent

2mn 2mm

(a1,a2) ~ (a},ay) = (a1 + =, a2 +

i L_2> (7)

/

where n,m are integers. The gauge transformation that relates a; and a% (a;

1 2 A
2T+ )

WU~ o,U ) is given by U = . Note U is single valued on the torus when and

only when m and n are integers. Thus, the gauge inequivalent configurations are given by

a point on a torus (denoted as Ty) of size %—7; X %—7; The dynamics of a; are described by

the Lagrangian (taking ag = 0)
™ . :
L=k 1 /dt(achQ — asay) (8)

where A is the area of the torus T,, A = 472/L1Ls. (8) is obtained by substuting (6) into
(3).

To quantize (8), it is convenient to introduce (z,y) such that

2rx 21y

=2 )

(a1,a2) = (

Thus (x,y) and (z +n,y+m) are equivalent points and (x,y) parameterize a torus. Using
the new variables (8) becomes

L= kﬂ/dt(fjvy —yx). (10)
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It is also convenient to add a small mass term to (10) and to write it as

m

@2 +37)] (11)

L= /dt [km(;'cy — ) +

Later we will let m goes to zero. If we start with (2) the mass term is actually generated

by the Maxwell term with m o ¢~ 2.

The Lagrangian (11) describes a unit charged particle moving on a torus parameterized
by (x,y). The first term in (11) indicates that there is a uniform “magnetic” field B = 27k
on the torus. The appearance of the “magnetic” field indicates that an Abelian gauge
structure is induced in the gauge configuration space.” The total flux passing through the
torus is equal to 27k. The Hamiltonian of (11) is given by

H=— (0, —iAn)? — (9, — z’Ay)Q] . (12)

© 2m
This Hamiltonian has been studied in detail by Haldane and Rezayi.® Choosing the gauge
Ay =0, Ay= Bz =2rkx (13)

it is found that the ground state of H in Eq. (11) is k fold degenerate. The wave function
of the ground states are given by

kD)2
i) = [Z e2ﬂ<w+w><nk+l>—%w] o8 (14)
n
where [ = 0,1,...,k — 1. The expression in the square bracket is a theta function. The

wave functions satisfy the boundary condition

P(z +1,y) = e2™p(z, y)
Y(z,y+1) =Y(z,y) (15)

which is consistent with the gauge choice (13). All the excited states have energies of order

% and can be ignored in m — 0 limit.

The k fold ground states that we find for the Hamiltonian (12) correspond to k ground
states of the chiral spin state. (FEj93) have the same sign in these k ground states, say
(E123) > 0. There are other k fold degenerate ground states with (Ej93) < 0. Thus
the total degeneracy of the ground states of the chiral spin state is 2k. In other words,
the chiral spin states have two fold degenerate vacua on uncompactified space, one with
(E123) > 0, another with (Ej93) < 0. The low energy effective action for each vacuum is
the topological gauge theory (3) with coefficient £k. When we compactify the space into,
say, a torus, each vacuum in the uncompactified space generates k fold degenerate vacua.

The chiral spin state studied in Ref. 4 has flux 7 per plaquette. The integer £ is found
to be equal to 2. Thus the 7 flux chiral spin state has 4 fold degenerate vacua on a torus.
In general one may have a chiral spin state with flux 27T§ per plaquette, where ¢ is an even

integer. In this case? k is found to be equal to ¢ and the vacuum of such a chiral spin state
has 2q fold degeneracy on torus.



Haldane? has studied chiral spin state on torus using a generalized Laughlin wave

function for spin % electrons and using theta function method. He found that the chiral

spin state studied by Kalmeyer and Laughlin® has two fold degeneracy on torus. The
same result has also been obtained by Laughlin.l This result agrees with the result in
Ref. 4 and in this paper that the Kalmeyer-Laughlin state is a k = 2 chiral spin state. In
order to obtain more general chiral spin states, one needs to use wave functions involving
higher Landau levels or hierarchy fraction-quantum-Hall-effect (FQHE) wave functions.
The degeneracy of chiral spin states is closely related to the degeneracy of FQHE states

on torus as studied by Haldane and Rezayi.?

The vacuum degeneracy of general 2-D spin 1/2 systems has been studied in Ref. 11.
Affleck!! gives an argument that a 2-D spin 1 /2 system must has either vacuum degeneracy

or gap less excitations. Haldane!! using non-linear o-model further demonstrates that a
2-D gap full spin liquid state of half-odd-integer spins should has four fold degenerate
ground states, which agrees with our result obtained here. However, as we have seen from
the previous discussions in this paper, the vacuum degeneracy may come from the global
excitations. In this case some degenerate ground states appear to be “accidental” and have
nothing to do with the broken symmetries. As we will see later, the global excitations as
well as the vacuum degeneracy depend on boundary conditions and topology of the two
dimensional lattices. The vacuum degeneracy discussed in Ref. 11 does not always imply
broken discrete symmetries. Some times it may imply the existence of some topological
order in the spin liquid states.

We may compactify the space into a Riemann surface with higher genus as well. Again
each vacuum in the uncompactified space generates degenerate vacua in the compactified
space. The degeneracy is different than that on torus. To calculate the vacuum degeneracy
of the chiral spin state on a Riemann surface ¥4 with genus g, we first need to parameterize
all the gauge configurations satisfying fio = 0. Let Aq, Bg(a = 1,...,¢g) be the canonical
one cycles on ¥4 (Figure 2), and wg,n, be the closed one forms on 4. One can choose

t12
/ Wy = 5ab s / Wy = 0
A B

a a

/ m=0 , / My = Oab- (16)
A B

a a

wg and 7 such tha

The flat gauge connection (satisfying f1o = 0) is given by a closed one form which can be
written as
a = apdz! + asdz® = 27 (x%wa + y*14).- (17)

Thus the flat gauge connection is parameterized by 2¢g real parameters, % and y*. Two
gauge connections a and a’ are gauge equivalent if

1) .
— 2% = integer

y/a — 9% = integer. (18)

Using the relation

/waAnb:5ab , /wa/\wb:/ Na A1p =0 (19)
b)) by b))



and substituting (17) into (3), we find that the Chern-Simons Lagrangian reduces to

m

L= / dt [lm (& — ") + 5 | (@) + (y“)QH (20)

where a small mass regulation term is included. Equation (20) is just g copies of the system
described by (10). Thus the ground states of (20) are k9 fold generate. We conclude that
the chiral spin state on ¥, has k9 vacua with (E123) > 0 and k9 vacua with (Eq23) < 0.

In the above we have calculated the vacuum wave functions of a chiral spin state
in terms of the effective gauge potential. One may ask what are the ground state wave
functions in terms of original spin variable? Formally one may write the ground state wave
functions as

1)) = / daydas (a1, az) |a1, as) (21)

where 1)) is given in (14) (assuming the space is a torus) and |ag, ag) is the spin state corre-
sponding to the effective gauge potential (a1, ag). Motivated by the mean field approach of

chiral spin state,® the spin state |a1, a2) may be constructed in the following way. Consider
the following mean field Hamiltonian defined on a torus

-
H= injc;ci eiﬁ et (22)

H contains both next neighbor and second neighbor hopping terms. x;; in (22) charac-

terizes the mean field chiral spin state and is given in Ref. 4. @ = (a1, a9) is the constant
gauge potential corresponding to the quantum fluctuations around the mean field vacuum.
H in (22) can be diagonalized and we can obtain the N electron ground state |a1, a2)mean
(N is the number of the lattice sites). The spin state |a1,a2) can be obtained by doing
Gutzwiller projection on the mean field state |a, a2)mean

a1, a2) = Pgla1, a2)mean- (23)

We stress that the above construction of the ground state wave function is only an
approximate construction, in the sense that the wave functions |®;) obtained are not the
exact ground states of simple Hamiltonians, e.g., frustrated Heisenberg model. The same
thing is true for the Laughlin’s wave function of FQHE. However, the wave functions we
constructed are expected to contain correct topological structure and give rise to correct
quantum numbers for the quasi-particle excitations. Although we are unable to write down
the exact ground state wave functions, the vacuum degeneracy discussed above is strictly
correct.

We would like to remark that the vacuum degeneracy of chiral spin states discussed
in this paper is exact only in thermodynamic (large volume) limit. On finite lattice the
would-be vacuum states have small energy differences which vanish when the lattice size
goes to infinity. Our effective theory for chiral spin states (2) is exact only in infinity long
wave length limit. Thus, in general, one expects the finite size effects to lift the degeneracy
of the vacuum states.

There is another subtlety related to the lattice. In order to use computers to test
the vacuum degeneracy, one must perform calculations on so-called unfrustrated lattices.
Naively speaking, the ground state on the unfrustrated lattice represents the true vacuum
of the Hamiltonian under consideration. The ground state on the frustrated lattice may
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contain some topological excitations such as domain wall, soliton, etc. For example, con-
sider an anti-ferromagnetic Ising model defined on Ny x Ng lattice with periodic boundary
condition. If one of N; is odd, the lattice is frustrated. The ground states contain a
domain wall and they have a large degeneracy corresponding to different positions of the
domain wall. Only in the unfrustrated lattices (with both NV; even) do the ground state
have two fold degeneracy, which corresponds to the true vacuum degeneracy of the Ising
model. However, without any knowledge of the vacuum property of a system, how does
one know which lattice is frustrated and which is unfrustrated? Here we propose a model
independent definition of unfrustrated lattice. We first pick a small energy ¢ > 0 which
is much less than the typical energy scale of the system under consideration and pick a
large integer I. We define a lattice as unfrustrated when the number of the states with
energy less than e (measured from the ground state) is less than I. When e is less than the
energy gap and [ is larger than the vacuum degeneracy of the system, the above definition
defines unambiguously the unfrustrated lattice in the large lattice size limit. Let Iy be the
number of states with energy less than e in an unfrustrated lattice of N sites. For small
enough € and large enough I, we have three different cases: A) There is no unfrustrated
lattice with size N > Ny(e, I), where Ny(e, I) is a function of € and I. This means that
the system has gapless quasi-particle excitations. B) The unfrustrated lattices exist for
arbitrary large N and Iy — I as N — oo. If € is small enough, all the I, states below
€ have zero energy. We may say the system has Iy fold generate vacua. This can be
regarded as a definition of the vacuum degeneracy of a lattice system. C) Unfrustrated
lattices exist for arbitrary large N but limit Iy |y_ o does not exist. For example, Iy
may alternatively keep taking several different values as N — oo. In this case the vacuum
property of the system has strong dependence on lattice size. The system may not have a
well defined continuum limit.

The main purpose of this paper is to address the question of characterization of chiral
spin states. A chiral spin state is not only characterized by its T" and P breaking property,
but also characterized by an integer which can be determined from the vacuum degeneracy
of the chiral spin state on Riemann surfaces. The integer measures the strength of circu-
lation of spins in the chiral spin state. We stress that the vacuum degeneracy studied in
this paper is not a consequence of symmetries. The appearance of the additional vacuum
degeneracy and the dependence of the vacuum degeneracy on the topology of the compact-
ified spaces suggest that chiral spin states contain non-trivial topological structure which
we may call the topological order in chiral spin states. Measuring the vacuum degeneracy
for different spaces is one of the simplest ways to probe the topological order in a system.

A more complete characterization of the topological order in chiral spin state will appear

elsewherel3.

Generally speaking, the vacuum states of a system, some times, are not completely
characterized by order parameters. The vacuum states may have additional topological
ordering. If all quarsi-particle excitations above the vacuum states have finite energy gaps,
from the above example we see that the topological order in the vacua is classified by
various topological theories. In other words the infrared effective theory may not be trivial
even when all quarsi-particles have finite energy gaps. The effective Lagrangian of the
system may flows to a topological theory at low energies which support non-trivial global
excitations. It would be interesting to see whether various topological theories can be
realized as the low energy theories for different condensed matter systems.

We would like to end this paper by mentioning that the topological theory in 141
dimensions

0
Liop = 4 / 4>z € f1 (24)
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can be realized as the infrared theory of one dimensional spin chain in the vacuum that all

excitations have finite gap.14 0 in (24) is given by 6 = 27S with S the spin on each site of
the chain. When S is a half odd integer, the ground state of (24) is two fold degenerate.

In this case the vacuum of the spin chain is the dimer phase.'® The two fold vacuum
degeneracy of (24) corresponds to the two fold degeneracy of the dimer phase. When S is
an integer the ground state of (24) is non-degenerate. This also agree with the result in
Ref. 15.
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plaining to me how to construct generalized FQHE wave functions for spin % electrons
and their relation to spin liquid state and Mott insulator. This research was supported in
part by the National Science Foundation under Grant No. PHY82-17853, supplemented
by funds from the National Aeronautics and Space Administration, at the University of
California at Santa Barbara.
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FIGURE CAPTIONS

Figure 1: A classification of spin liquid states.

Figure 2: The canonical one cycles A, and B, on Riemann surface ¥4 (g = 3).
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