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ABSTRACT: We study interlayer transport in double-layered (mmm) quantum Hall
liquids in the weak tunneling limit, in particular the effects of lead geometry on the I-V
characteristics of interlayer tunneling. We proposed several practical ways to study exper-
imentally the novel interlayer transport properties in the double-layered (mmm) quantum
Hall liquids. Some concrete predictions on the DC characteristics, narrow band noises,
and finite temperature effects are given. We also clarify certain issues related to inter-
layer tunneling. In particular we discuss the similarities and differences between interlayer

transports in Hall fluids and Josephson tunneling in superconductors.



I. INTRODUCTION

In a work!2, we pointed out that certain multilayer quantum Hall states (in the absence
of interlayer tunneling) have superfluidity /superconductivety as a result of spontaneous
broken U(1) symmetry, which leads to novel interlayer transport properties. This special
type of quantum Hall states may manifest itself in various experimental situations. In
particular, one such quantum Hall liquid is a double layered quantum Hall state with

topological order described by the matrix

P <m m) 1)

m m
(i.e., the (mmm) state.) This state has a filling factor v = 1/m and contains a low lying
collective mode.?"! The interlayer tunneling current in such a state behave in a way rem-
iniscent of Josephson tunneling between superconducting thin films. Recent experiment?

confirmed the predicted simularity between the interlayer tunneling in (111) quantum Hall

state and the tunneling between two superconducting thin films.

In our work we emphasized the many significant distinctions as well as simularities
between the effects we discussed and the Josephson effects, so that to avoid confusion, it
may be best not to refer to the effects discussed in Ref. 1,2 as Josephson effects. There
has been some interesting discussion on some of the distinctions between the two effects.”
One purpose of this paper is to add to this discussion, and we hope to clarify some of these

distinctions and simularities.

Another purpose of this paper is to add to our previous work by studying the various
different ways in which leads can be attached to the double layered system. The resulting
interlayer tunneling currents in these different situations have different spatial distribu-
tions. Thus, different arrangements may lead to different experimental consequences, due

to the non-zero Hall conductance oy in the (mmm) state.
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We may also emphasize here that we always worked in the limit of small interlayer
tunneling amplitude. As the tunneling amplitude becomes large, with electrons moving
relatively freely between the two layers, we have effectively a single layered system and,
strictly speaking, should no longer think of a double layered system. However, we show in
this paper that all the experimental predictions obtained in the weak tunneling limits do

cross over to the expected results of a single layered system in the strong tunneling limits.

This paper contains several sections which use quite different methods to address the
interlayer transport from different angles and limits. Thus it may be helpful to summarize

the motivations and the results in each section here.

In section 2 we give a brief review of the results and formalism developed in Ref. 1,2
for the double layer (mmm) state. The purpose of the review is to setup the stage for
discussions in the later sections. We also discussed the DC interlayer tunneling, assuming
the two leads are uniformly attached to the two layers of the (mmm) state. We show that
for this lead-geometry, the voltage drop between the two layers vanishes if the tunneling

current is less than a critical value

1 A

where N, is the total number of electrons and Agyg is the energy splitting between the
states with wave functions symmetric and antisymmetric between the two layersS. The
value of I. will be drastically reduced if the magnetic field has a component parallel to the

layers.

The lead geometry assumed in section 2 is not practical. Thus in section 3 we study
a more realistic lead-geometry where one lead is attached to one point in the first layer
and the other lead is attached to a different point in the second layer. In this case, the
components of the current parallel to the layer will no longer vanish. This will reduce the

critical tunneling current I. and, due to the finite Hall conductance, cause a finite and
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quantized conductance I/V = ﬂi—il if the tunneling current is less then the critical value.
The coherent tunneling between the two layers is reflected by the fact that the tunneling
conductance is finite 0 = n‘% no matter how weak is the interlayer tunneling amplitude. A
weak interlayer tunneling amplitude only reduce the critical tunneling current /.. For the
point-contact leads, we find, for small systems, I is given by (2); while for large systems,

it crosses over to

s 2001 e f2 1 100A
e~ mug @t = U iy d

where [ is a characteristic length scale and f, is a dimensionless function of d/lg (the radio
between the interlayer separation d and the magnetic length Ig). Very roughly I. ~ 100nA
or less (due to the parallel magnetic field). Notice that for point-contact lead the critical

tunneling current is not proportional to the area of the sample.

In section 4 and section 8 we study the narrow band noise and AC effects in interlayer
tunneling. We show that, in the weak tunneling limit and below the critical tunneling
current, the tunneling current contains a narrow band noise centered at the frequency
fo = eV/h which is one-half of the usual Josephson frequency 2eV/h. However, we still
lack of a reliable calculation of the band width. The discussions in section 8 suggest that
the width of the peak can be less than A, the energy gap of the neutral collective mode

induced by interlayer tunneling.

The section 5 covers the effect of the interlayer tunneling (with point and surface
tunneling junction) on the dynamics of the collective modes. The discussions there apply to
both double-layered (mmm) state and usual superconductor. We find that the tunnelings
in both systems are described by the same equation. This suggests that tunnelings in the
two systems demonstrate the same phenomena. The discussions are also motivated by a
concern that the changes in the dynamics of the collective modes caused by the tunneling

may affect the Josephson effect in the usual superconductors, and the narrow band noise
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in the double-layered system. For example the surface junction between the two layers
open up an energy gap A for the superfluid mode. This energy gap may affect the width
of the narrow band noise. However, from the discussions in section 5, we find that the
point junction do not change the dynamics of the collective mode, and the narrow band

noise in the tunneling current through a point junction may have nearly zero band width.

The section 6 addresses the relationship between the easy plane ferromagnets and the
XY model. An easy plane ferromagnet is closely related to the double layer (mmm) state,
and the XY model to the ordinary superconductor. We find that the two models have
identical equations of motion (after renaming some parameters) at low energies and in the
weak tunneling limit. This establishes the close relationship between the double-layered

(mmm) state and two dimensional superfluid.

In section 7 we propose a four terminal measurement which allow us to test the pre-
diction that a small interlayer tunneling current does not induce any voltage drop between

the two layers for the (mmm) state.

In section 9 we perform a perturbative calculation of interlayer transport at finite tem-
peratures in weak interlayer tunneling amplitude limit. We find that, at the leading order
of the interlayer tunneling amplitude, I o« V7 at finite temperatures. The temperature
dependent exponent satisfies vy — 0 as 7' — 0 and v — 1/4 as T approaches the K-T tran-
sition temperature Tp. The differential conductance at V = 0 is infinite for 7' < T .
Again we see that the interlayer tunneling is drastically enhanced in the (mmm) state.
The noise spectrum F(w) is found to have an algebraic singularity at w = eV/h. If the
tunneling only occurs at isolated points, we have F(w) ~ |% — w|?~L. The algebraic
properties at finite temperatures are due to the algebraic long range order in the order

parameter.

In summary we see that the double-layered (mmm) state demonstrates a lot of similar

properties of two dimensional superfluid. It would be very interesting to fabricate samples
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with very weak interlayer tunneling amplitude to study the superfluid mode in the (mmm)

state.

II. DC INTERLAYER TUNNELING - A BRIEF REVIEW

Let us sketch briefly the discussion in Ref. 1,2 to which the reader is referred for de-

tails. In a series of papers7

we have developed a simple and unified classification of abelian
fractional quantum Hall states, based on Chern-Simons effective theory. The topological
order inherent in these states are characterized by a k-by-x matrix we call K 8 The cor-
responding low energy effective field theory contains x gauge potentials a;, whose masses
are proportional to the eigenvalues of K. We start by asking what happens when one
of these eigenvalues vanishes, for example, for the matrix in (1). There is now evidence
that a quantum Hall state characterized by this matrix (known as the (mmm) state) has
been observed experimentally? for m = 1 in double layered systems. Since K has one
zero eigenvalue in the (mmm) state, one of the gauge potentials is massless, corresponding
to a gapless linearly dispersing mode. Conceptually, this may be associated with the ap-
pearance of an off-diagonal long range order associated with a spontaneously broken U(1)
symmetry with <c§cz> o ew, where ¢ and c9 denote the electron annihilation operator in

layer 1 and 2 respectively. The fluctuations of this angle field give rise to a gapless mode

described by the Lagrangian
c
£ =2 ((00)* = v*(9,6)*) (3)

Here ¢ may be thought of as the capacitance per unit area between the two layers. The
effective capacitance of the system is given by C' = cA with A the area of the double layered
Hall system. In this paper we will choose units in which e2 = A = 1 unless explicitly stated

otherwise.



When interlayer tunneling is “switched” on, this U(1) symmetry is explicitly broken.
In our Chern-Simons theory description of the double-layered FQH liquids, the interlayer
tunneling is described by a plasma of magnetic monopoles and anti-monopoles. An angular
order parameter field 6(x,t) is introduced to couple to the density of monopoles. In the
limit of weak tunneling amplitude, corresponding to a dilute density of monopoles, we can

derive the effective Lagrangian
L= g((éw)2 — v2(8;0)2) + ncosd (4)

with 7 proportional to the tunneling amplitude. In terms of Agqg (the energy splitting
between the states with wave functions symmetric and antisymmetric between the two

layers6) the tunneling coefficient 7 is given by

1
n=5nlsas (5)
where n is the total density of electrons in the two layers.

Various physical quantities can be expressed in terms of the 6 field. The difference in
electron density n— = ny — no and the difference in electron current density j— between

the two layers are given by
n— =2, j_;= 20%¢H,0 (6)
The tunneling current density between the two layers is given by
Jt =nsind (7)
We recognize that the equation of motion from the Lagrangian (4)
(82 —v29;%)0 + nsin = 0 (8)
is nothing other than the conservation of electrons

on_ — 8ij_,i + 25t =0 9)
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The voltage difference between the two layers is (see Ref. 2 and section VI below)

1o

e

V

(10)

When leads are attached, electrons can flow in and out of the system and the right
hand side of (9) is no longer zero. Within the semiclassical approximation (i.e., treating
0 as a classical field), the tunneling I-V characteristics can be easily obtained from the
equations above. Let us attach two leads to the first and the second layer and connect the
two leads to a voltage source through a resistor Re;. The current injected from the lead
is given by

I =R} (Ver — V) (11)

where Vg, is the external voltage. (See Fig. 1) This current is diminished by incoherent
tunneling. Let A denote the area of the sample and Ry, the leak resistance due to
incoherent tunneling between the two layers. Then, upon integrating (9) over the area and

assuming 6 and 7 to be independent of &, we determine the change in the difference in the

number of electrons in the two layers N_ = [ d%z n_ to be given by
1dN_ ) Vex =V V
-——— 4 A 0= — 12
We may rewrite (12) as
d?0 . 4,1 hdd, ho__q df
ACW = —An sin 6 + Rex (Evéx - G—QE) - 6—2 leakE (13)

For isolated and dissipationless system (Re¢y = 0o and Ry, = 00), (13) reduces to (8)

(with space independent 6.)

Our confidence in this equation is bolstered by the fact that it can be derived from
general principles as shown in Ref. 2. Furthermore, it is worth emphasizing that this
equation has the same structure as a simple circuit diagram equation from “high school

physics.” Consider the circuit diagram indicated in Fig. 1 where for the moment we do
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not specify what the black box contains. The current going through Re; is given by
I = (Veg — V)/Rey where V' is just the voltage across the black box as indicated in the
diagram and may be measured by an experimenter. By current conservation, the current

Iy, going through the black box is given by
-1 -1
Iy = Rey (Vea = V) = R .V (14)

We are to solve for V' and hence determine /. This procedure holds regardless of what the
black box might contain, of course, but to solve the equation we must be told how Iy, is
related to V', namely the I — V characteristics of the black box. For example, suppose the
black box contains a resistor of resistance Rp,. Then Iy, = V/Ry,. Now V and I can be
determined. Here we are saying that if the black box contains a double layered quantum

Hall junction with the I — V' characteristics

d t
]bb:eAcd—‘t/—keAnsin(Ho—F / a'v (i) (15)
0

This when combined with (14) and (10) is just (13).

We observe that these equations manifestly have a time independent solution given by
V=0 (16)

and

Since I, is also equal to e Ansin 0, we see that the maximum current I is given by I. = An

(See Fig. 2a).

In this solution the voltage drop V across the two layers is zero and thus the current is
dissipationless. Notice that no matter how small is the interlayer tunneling strength 7 the
voltage V' remains zero as long as the current is less than I.. A weak tunneling amplitude
only reduces I., the range of current over which the voltage drop vanishes. Notice also

that in this solution no current flows through the resistor R;..
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III. LEAD GEOMETRY - POINT LEADS

In the above calculation we have assumed that the external leads are ideal and draws
current uniformly across the area of the two layers. In other words, the leads are treated as
theoretical leads with “area contact.” The current flows from one layer to the other without
current flowing in the directions parallel to the plane (i.e., in the x and y directions). In
practice, leads may have point-like contacts, and in general, are attached to different points
of the sample, in which case the x-y components of the current will no longer vanish and
we cannot assume 0;0 = 0. The current in the z-y directions has another important effect.
Due to the Hall conductance o4y this in-plane current would induce a voltage drop in the
x-y directions. Thus the voltage difference between the two leads is not only the relative
voltage between the two layers, but also receives a contribution from the voltage drop in

the z-y directions.

To be specific let us consider a rectangular sample of length L and width W in Fig. 3,
with boundaries at x = ﬂ:TLZ and at y = j:%. A lead is attached the first layer at point
(r,y) = (%,0) and another lead is attached to the second layer at (z,y) = (—%,0). We

would like to determine the two-terminal I-V characteristics for this lead geometry.

We draw two small (semi-circular say, if one wishes to be definite) areas around (%, 0)
and (—%, 0) of radius a. Outside these two small areas the equation of motion for 6 takes

the form

2
C[Ccil_tg — 1)28220] = —nsinf

L do

B Tl;akﬁ (18)

where Tl_eék is the leak conductance per unit area. The boundary condition for 6 is that 7 | -
90 = 0 except around the leads at (z,y) = (i%, 0). (Here 77 is the vector perpendicular

to the boundary.)
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Around (z,y) = (i%, 0) we have the condition (from (12)) that

dt ¢Rex d“x0;j )i dl;j S0 (19)

where the integration is over and around the small areas carved out around the leads. The
interlayer voltage V' in (12) is replaced by V4 = V4 — Vp where V4 is the voltage in
the first layer at the point (x,y) = (%, 0) and Vp is the voltage in the second layer at the
point (x,y) = (—%, 0). (Note the interlayer voltage V is defined as the voltage difference

between the two layers at the same point in the z-y plane.)

The non-linear partial differential equation (18) with its boundary conditions is not
easy to solve in full generality. Here we will consider only the simplest situation in which
f may be treated as small so that we may linearize sinf ~ 6. Furthermore, we consider
only the static case with 6 independent of time. Then (18) has the solution

1 7 400

LS fe-Zonny—mw),  fy)=Ko/)  (20)

wvlce 2

0(z,y) =

m,n=—00

where we have defined the characteristic length scale

I =1/cv?/n (21)

determined by the capacitance per unit area, the velocity of propagation, and the tun-
neling amplitude. The overall constant I will be determined below. Recall the integral

representation for the Bessel function
o0 h
Ko(z) = /0 dte—# COStt (22)

and thus K(z) and K(')(x) are respectively everywhere positive and everywhere negative
for z real. The tunneling current j; = nsinf ~ nf is everywhere positive (for I positive
for definiteness) as we might have expected physically. For L and W large compared to

other relevant distance scales, 6 is dominated by two terms in (20) and thus we have the
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flow pattern

LI, 2, 21 x5
R U KLy e e A A (23
(r—5)*+ y2
and
oy = %él{(’)([(ac _ 5)2 +22/0) 4 Y (L — L)+ (24)

V=524
We see that the current j, is positive for <L/2while j, is negative for 22 — L/2: the flow

is towards the edge, in other words. For y positive, j, is negative, while for y negative, jy

is positive: the flow is towards the x axis.

The overall coefficient I is fixed by the boundary condition (19) using the fact that

Ky(z) — —logx as * — 0. Thus, near the two leads the current flows radially into the

leads with magnitude j_ , = le% Since ]1 = fl — fg, at the lead on layer 1 electrons

flow out of the system while at the lead on layer 2 electrons flow into the system. The net
current flowing through the system is I. Matching the boundary condition we find

Ver — VAB

I=
R@l‘

(25)

In the static case, the voltage difference between the two layers vanishes but the voltage
may depend on the position in the plane. Thus the voltage difference between the two
contacts V4p is not zero. In fact Vyp is equal to the Hall voltage in the two-terminal
measurement of quantum Hall samples: Vg = pgyl where pgy = mh/ e? for the (mmm)

state. Therefore
o Ver
Rey + Pxy
which is (17) with Rey — Reg + pry. The relation (26) leads to a I-Ve; curve described in

(26)

Fig. 2b. Note I/V,; is finite even when R, = 0.

The critical current is no longer An. It may be estimated as follows. The maximum

value of 8 occurs around the leads:

1 I
Omazx ~ A2 _ln(l/l()) (27>

TVeC e
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where [ is a short distance cut-off length which depends on the details (such as the size)
of the contact of the leads. The “average value” of 6 is roughly

I 1 147r12)
eAn  4dmvlce’ A

(28)

eaverage ~

For our linear approximation to hold, the larger of these two values of 6 must be less than

O(1). Two limits may be considered.

In the first limit, A>I? (more precisely A%%), we find

47revzcﬁ
“In(l/1p) €2

(29)

which is not proportional to the area of the sample. (We have included the proper powers
of e and h .) The interlayer capacitance per unit area is given by ¢ = ¢/4wd where d
is of order of the interlayer separation and e the effective dielectric constant. Writing
v = fye?/eh, we find

f20 1 € f2 1 100A

I~ () ——————e= () ———————35uA
e~ Comungant = U mugigy —a oH (30)
Yang et all¥ estimated the dimensionless coefficient f, to be
1d [ 2 d
2 2
S d —— —r— 1

. It depends on d/lg and approaches zero when d — 0. We have f,, = 0.28 for d/Ig = 1 and
fo =0.19 d/lg = 3. The dielectric constant € ~ 10. Thus very roughly I. ~ 10 — 100nA.

. . . . 2 .
In the opposite limit A < {2, 0 is almost a constant and I, ~ An < %%, just as

in section II.

A striking feature of these results is that for the (mmm) state the two-terminal resis-
tance between the two layers is either zero or pyy = mh/ ¢2 depending on lead geometry
regardless of how weak is the interlayer tunneling as long as the current is less then a
critical value (whose magnitude is proportional to the interlayer tunneling strength in the

weak tunneling limit).
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Aother point we would like to emphasize is that our results naturally cross over to the
strong tunneling limit, in which case the (mmm) state becomes effectively a single layered
= 1/m quantum Hall state. The two terminal resistance is given by pyy = mh/ e?
as one would expect. This interpolating behavior gives us additional confidence in the

reasonableness of our result.

IV. NARROW BAND NOISE AND AC
EFFECTS IN INTERLAYER TUNNELING

In this section we are going to study dynamical AC effects in interlayer tunneling. We
again consider a sample with a lead geometry in Fig. 3. When Vey/(Rex + pry) > Ic the
equation (18) can no longer support a static solution. To understand the time dependent
solutions, we will for the sake of simplicity assume the velocity of the collective mode to be
large, so that one can ignore the time delay for an electron to propagate from one lead to
the other. In other words, we assume that the size of the region over which 6 is coherent
is larger than the sample size. In this case the voltage between the two layers is constant

in space (although it may depend on time). Under this approximation # has the form
0 = 6y(t) + 66(x) (32)

where 66 is independent of time and 6 is independent of space. The voltage V5 in (19)

is now given by
h d90 Ver — VaR h dfy

Vap =1 —_— = = - 33
AB = 1pzy + e dt Roy Pzy + o ( )

To obtain the time dependent tunneling current we need to solve (18) and (19). Integrating

the two sides of (18) over the whole sample and using (32), we find

>0y : - dbo dby
Ac ok n/de sin(66 + 0g) + (Rex + Pay) l(eVeJS —h—x dt ) — Rleakh dt
do dby 3
= — Ansin(0y + @) + (Rex + pﬂ:y)il(evffx —h dtO) Rleclzk‘h dt
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where « is an irrelevant time independent constant. The effective tunneling amplitude
has been reduced from 7 to 7. This equation was studied in Ref. 2. We found that when
Ver/(Rex + pzy) > An) we may treat the quantum tunneling term as a perturbation. The

tunneling current I = (Rey + pxy)_l(eVex — h%) is given by

-1 -1
V =V + Le/((Bea + poy) ™ + Brcar) sin( e;/* t)

2
V.C + 1
(Rewtpauy) R0, 1

2A2
V. + sin(e;ft)

2
—1 —1
\/V*2 + ((Rex+pm§)c’ +Rleak}>

1,
Vea + < sin( e;/* t)

Req + pay + Riear; \/((Rem + pay)COVi)2 + (1 + RL (Req + pay))?

Rieak
Vi = ca |7
i Rey + Py + Rieak “

(35)
where A = \/n_/c is the gap of the neutral superfluid mode due to interlayer tunneling.
The results in (35) is valid when the AC component in V' is much less than the DC part
Vi, that is when Veg/(Rey + pay) > Ic or Vi/A > 1. The DC current is given by
Ipc = Vew/(Rex + pay + Rjeqr)- Combining with the results from the last section, we find

the I-V characteristics of the interlayer tunneling to have a behavior as presented in Fig.

2b.

From (35) we see that, in addition to a DC current, a large Ve, also induces an

alternating current with frequency

_ Rleak‘ eVer
Rey + pry + Rieare 1

Wi

(36)

Such an alternating current represents a narrow band noise with a d-function spectral peak
at wy. Here we would like to stress that the above result is obtained within a semiclassical
approximation in which we treat 6 as a classical field. In section 8, we will see that, under

certain conditions, quantum corrections may generate a finite width in the spectral peak
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of the narrow band noise. The width of the peak can be much less than A the energy gap

of the neutral collective mode induced by interlayer tunneling. (See section 8).

V. GEOMETRY OF INTERLAYER COUPLING -
POINT CONTACT AND SURFACE CONTACT

In Ref. 2, we derived the effective Lagrangian
1 2
L= 50(8,50) + (cosf (37)

to describe tunneling in double layered Hall system, where ( = An for area coupling. (This
is just (3) integrated over the area of the system, for space independent ). Expanding
the cosine term we see that the 6 field has a mass or gap A proportional to \/g . The
cosine term in (37) manifestly breaks the U(1) symmetry # — 6+constant. This is similar
to the standard Landau-Ginzburg Lagrangian given in textbooks to describe Josephson

tunneling between superconductors:

1 1
L= 50(37591)2 + 50(5&92)2 + ¢ cos(01 — 02) (38)

Simple geometrical considerations, however, indicate an important distinction between
the two situations. In the usual discussion of Josephson junction, we have two bulk su-
perconductors with an area contact, or even possibly a point contact, between them. In
other words, the phenomenological coefficients C' and ( scales differently: C' scales with the
volume while ( scales with the area. The gap scales to zero. Thus, in the thermodynamic
limit the cosine term has vanishing effect on the dynamics of the 6 field, which remains
massless or gapless. In contrast, in the double layered Hall system, the geometry is such
that C' and ¢ both scale like the area of the Hall fluid, and thus 6 has a gap.

16



From this discussion, we see that, in order to have a close analog of the tunneling
between two bulk superconductors, we should couple the two layers through only a sin-
gle point. Such a point contact does not induce any gap in the collective mode (in the
thermodynamic limit). In this case, the interlayer tunneling is similar to the Josephson
tunneling between two bulk superconductors. A finite voltage between two layers should
induce a narrow band noise in the tunneling current with a J-function peak at frequency
w. We also expect that a small interlayer tunneling current will not induce any voltage

drop across the point contact, which leads to the I-V characteristics displayed in Fig. 2.

For surface contact or finite sample, interlayer tunneling induces a gap in the collective
mode. As we emphasized in Ref. 1, the current-current correlation function contain a
pole at this gap A. One may think at first sight that the appearance of the gap would
destroy the supercurrent (which requires the current correlation to have a pole at zero
frequency.n) Note however that the appearance of the gap is a non-perturbative effect
in the expansion of the tunneling amplitude and that this gap would appear not only in
the double-layered system, but also in ordinary coupled superconductors. When two three
dimensional superconductors are coupled through a surface contact, the gap scales like
LY 2 where L is the linear size of the system. For large systems the gap is small, and can
be ignored. From this point of view, we see that a sufficient condition (which may not be
necessary) to observe alternating tunneling current between two coupled superconductors
or between the two layers of double layered Hall system is that A ~ \/g should be less
than the frequency scale of interest (e.g., the Josephson frequency). This consideration

leads to a conservative estimate that the width of the narrow band noise should not exceed

A.

A more delicate question is that whether we can observe a narrow band noise with a
peak width much less than A? The tunneling current in an open system (i.e., double lay-

ered with leads) was discussed in the last section within the semiclassical approximation.

17



The noise spectrum was found to have a peak of zero width in the semiclassical approx-
imation even for finite A. Although this result cannot be used to prove the true width
of the peak to be exactly zero, it does suggest the possibility that the width of narrow
band noise may be less then A. However, to gain a better understanding of the width
of the noise peak, we need to understand the quantum corrections to the semiclassical
calculation. Some discussion on the quantum corrections and their effects on the width of

the narrow band noise can be found in section 8.

VI. RELATIONSHIP BETWEEN THE EASY
PLANE FERROMAGNETS AND THE XY MODEL

Inspired by the earlier work of MacDonald and collaborators!2, Yang, Moon, Zheng,
MacDonald, Girvin, Yoshioka, and Zhang ° have recently given an interesting description
of the double layered quantum Hall system in terms of pseudospin or isospin. One asso-
ciates with each electron an isospinor such if the isospin (to be referred to simply as spin
henceforth) is up, the electron is in the upper layer, while if the spin is down, the electron
is in the lower layer. In the hypothetical limit in which the interlayer and intralayer in-
teractions are equal the system has an SU(2) invariance. A local magnetization density 7

may be defined, obeying dynamics described by the energy functional A(Vn)? + V (n) with
Vi(n) = 5n; —nng (39)

Here 3 = ¢! denotes the inverse ”bare” capacitance and parametrizes the fact that the
interlayer interaction is stronger than the intralayer interaction, and 7 is proportional to
the tunneling amplitude. It is easy to see in this spin formalism the tunneling operator
is given essentially by 25, = St + S_ since the raising and lowering operators take an

electron from one layer to the other.

18



Here we would like to discuss the relationship of this spin model with the Lagrangian
(4) we used in Ref. 2. The Lagrangian description of spin systems has been discussed by
numerous authors; here we follow the discussion given in Ref. 13 which we now review

briefly. The Lagrangian is given by
L=—izlz = V(n) (40)

For simplicity, we have dropped the spatial gradient term (Vn)2 since we are only interested
in the limit in which the wave vector k — 0 in this section. Here the spinor z is such that

it = 216z, Using the identity 6(21%) = constantd7i(ii x 17) we obtain the equation of motion

oV

nXxXn=— 41
ix i = (41)
Taking the scalar product of this equation with 7 we obtain
oV
n="mnX— 42
H=1X (42)
In the usual spherical coordinates for the unit vector 72 the spinor z is given by
1 . . ‘
z= E(cos(9/2)ezw/2, sin(0/2)e~/2) i (43)

The phase angle a decouples from the system and may be dropped. Inserting this into

(40) we find (after dropping an irrelevant factor of 1/8) that
L(0,p) = hcosbOp — §C0829 + nsinf cos ¢ (44)

where we have reinstated Planck’s constant f.

Conceptually, there is now no difficulty in reducing this Lagrangian to an effective

Lagrangian. We wish to integrate the ”high energy” field 6 in the path integral

/Dcos gor | ALO.) _ % [diLess() (45)
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where the effective Lagrangian will have the form

Lep(0) = Alp) + B(9)p* + ..... (46)

By a symmetry argument, it is easy to see that only terms with even powers of time
derivatives are generated. Unfortunately we are not able to evaluate this integral exactly
and we have to resort to various limits. It is perhaps clearer to deal with the equations
of motion directly. In the limit § >> 1, the vector 7 is forced to lie mostly in the x — y
plane. We are interested in the dynamics of its orientation in this plane. (Note incidentally
that in this section we adhere to the standard notation for spherical coordinates in which
the azimuthal angle is denoted by ¢. Unfortunately, the field variable in the sine Gordon
theory is denoted by @ in the literature and in our previous work. It is the azimuthal angle

¢ of this section which corresponds to the field 6 in the other sections in this paper.)

The Euler-Lagrange equations of motion are
0 = nsin g (47)

and

$ = [ cos b + nctgh cos p (48)

For 3> 1, the angle 6 is close to m/2. We linearize (48) in § — w/2 and substitute in (47)
to obtain
¢+

. .9 .
————sinpp” = — (B + ncosyp)nsiny 49
(B8 +ncosyp) ( : )

If we now impose further the condition 3 > n then we obtain
¢ = —fnsing (50)
We thus obtain the sine Gordon theory discussed in (4) and (37) in previous sections.

As was emphasized in Ref. 2 and section II, we derive the effective Lagrangian (4)

by the following procedure. We start with an effective Chern Simons theory, which is
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guaranteed by general principles to be valid at low frequencies and wave vectors. We then
go through an instanton (monopole) calculation valid in the dilute gas approximation,
corresponding to the limit in which the tunneling amplitude is small, and obtain the sine
Gordon theory description of tunneling through double layered Hall systems. Thus, in the
limit of low frequencies and wave vectors, and in the limit of small tunneling amplitude (so
that the resulting gap is small and hence the relevant frequencies are small), any theory
describing the double layered Hall system must reduce to the sine Gordon theory. In this

section we have verified that this is indeed the case.

On the other hand, the theory described in (44) and the sine Gordon theory clearly
should not be compared in the limit in which the tunneling parameter 7 is not small
compared to 3. For instance, expanding (49) for small ¢ one finds immediately that the

frequency of oscillation is given by

wr=(B+n)n (51)

as was derived by Yang et al.’® It was remarked that as § goes to zero, the gap remains
finite. In contrast, the gap given by the sine Gordon theory (50) is equal to Sn which
vanishes as 8 goes to zero, but this is in a regime where the sine Gordon theory is not

valid!
We note in passing that (49) follows from the effective Lagrangian

_ B BAmcosy
L= (B +mncosp)? 2 + log( 6] )

This effective Lagrangian may be valid beyond the regime n << (.

Let us now impose a voltage across the double layered system by adding to V(n) in
(39) a term Un, which says that for an electron to have its isospin up costs more energy
than to have its isospin down. It is tempting to equate the parameter U with the voltage.

However, as emphasized in Ref. 2 the voltage is correctly defined as the energy it costs
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to move an electron from the lower layer to the upper layer, and this is not equal to U.
(In the notation of Ref. 2 U corresponds to Uy.) Another point worth emphasizing is that
the voltage across the two layers is, strictly speaking, defined only when the tunneling
amplitude is small. When the tunneling amplitude is large, the system effectively behaves
like a single layer and the concept of voltage is ill defined. Thus, strictly speaking, we
should not work with the spin Hamiltonian but pass directly to the sine Gordon theory.
From (44) for example we see that adding the term Un, has the effect of shifting ¢ to ¢—U.
The effect of the voltage thus amounts to a shift in the sine Gordon theory as discussed in
detail in Ref. 2. A simple calculation of the energy required to move an electron from one

layer to another shows that the voltage V' is given by
V=¢ (53)

Our circuit equation (13) then follows.

VII. FOUR TERMINAL MEASUREMENT — EXPERIMENTAL
TEST OF ZERO VOLTAGE DROP BETWEEN LAYERS

In this section we would like to consider how to experimentally test the prediction that
a small interlayer tunneling current does not induce any voltage drop between the two
layers for the (mmm) state. One way to test the zero voltage drop is through a sample
with the geometry described in Fig. 4. The M region is occupied by the (mmm) state
and R and L region by a metallic state (e.g., the v = 1/2 state) in the first and second
layer respectively. The metallic state in the R and L region serve as ohmic contacts to the
first and second layer in the (mmm) state. One voltage probe is attached to an edge of
the (mmm) state in the first layer, and another attached to the edge on the same side in

the second layer (see Fig. 4). As we pass a current from the R region to the L region, the
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current must tunnel through the barrier between the two layer. According to Ref. 2 the

voltage drop between the two voltage probes should be zero if the current is less than a

critical value, as represented in Fig. 2a. Again the striking feature is that the voltage drop

is zero even for weak interlayer tunneling. Weak interlayer tunneling only leads to a small

critical current.

We would like to make three remarks.

If the second probe is attached to the edge on the other side of the sample, a non-zero

voltage drop will appear due to the non-zero Hall resistance.

The vanishing of the voltage drop between the two leads is a consequence of the su-
perfluid mode, not of the chirality of the edge excitations (i.e., the absence of back
propagating modes). To illustrate this point let us replace the (mmm) state in the M
region by a (mm0) state, which does not have any superfluid mode (i.e., its K-matrix
does not have a zero eigenvalue). There is no quantum coherence between the two sep-
arate 1/m states in the two layers. Now interlayer tunneling is controlled by tunneling
between the two edges of the two 1/m states. In this case a finite current will produce
a finite voltage drop between the two layers and hence between the two voltage probes.
If the edges are sharp on the scale of the magnetic length, we haveld V oc [1/(2m—1)

at zero temperature 7' = 0 and (%)V:O oc T?m=2,

In the strong tunneling limit, the (mmm) state crosses over to a single layered v = 1/m
state. The zero voltage drop between the two leads is just the standard result py, = 0
for FQH states. This correct cross-over behavior from the weak to the strong tunneling

limit further confirms the validity of our results.
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VIII. SEMICLASSICAL APPROXIMATION

The result of vanishing voltage for small interlayer tunneling currents and the ap-
pearance of narrow band noises are supported by two calculations which involve different
approximations. In this section we will discuss the semiclassical approximation; in the

next section we will present a perturbative calculation.

In Ref. 2 we used the semiclassical approach in which one ignores quantum fluctua-
tions and treats 0 as a classical field. We calculated the interlayer tunneling current by
solving the classical equation of motion for 6, as we did to obtain (34). The textbook jus-
tification for the semiclassical approach, commonly used to study the tunneling between
superconductors, is based on the fact that 6 is conjugate to N_ = N1 — N, the difference
in electrons (or Cooper pairs) between the two layers, and thus the quantum uncertainty

Af# ~ 1/AN_ may be made very small while keeping AN_/N_ < 1.

In this section we will examine the validity of the semiclassical approach in the simplest
case of an isolated double-layered system. Let us consider the limit in which v/L is larger
than any energy scales of interest (e.g., v/L > A), where L is the linear size of the system.

In this limit we can take 6 to be constant in space. The Lagrangian of the system becomes

L= %(9)2 + (cosf (54)

The above Lagrangian describes a mass C particle moving on a circle parametrized by 6.
In the classical limit, both the position and the velocity of the particle are well defined.
The motion of the particle (with energy higher than the potential barrier) in a periodic
potential induces a periodic tunneling current I o« sinf. To understand the quantum

corrections, let us construct a moving wave packet

¢(9) — 6_92/2€2€ik9 (55)
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The average velocity of the wave packet is v, = k/C. The spread of the wave packet

produces the quantum corrections to the above classical picture.

The uncertainty in the velocity of the wave packet receives two contributions. One is
from the uncertainty of the momentum, CLg’ and the other from the uncertainty of the
potential energy within the wave packet, % Both contributions are due to the finite size

of the wave packet. The total uncertainty in the velocity can be estimated as

1

Thus at time t the width of the wave packet is

AB= ¢+ Avyt ~ (%+1)§+%% (57)

The minimum width can be obtained by varying &, and we find

A0~ (S 1)t

Cvp C (58)
At time
\JV2 4 4Cvy, — v
D p p
ty) = % C (59)

A0 becomes of order 1. We know that the motion of the wave packet cause an alternating
tunneling current of frequency w = wvp. 1/ty can be thought as the decay rate of the
alternating current due to the quantum correction. Thus the motion of the wave packet

give rise to a narrow band noise at frequency w with a band width

1
Aw ~ —

to
e2 2%

Y] (60)
hC\/w2+4%w—w

e2

—  when £ < w
e

“he

where we have restored i and e. We see that in the weak tunneling limit or when the

voltage between the two layers is not too small, the band width of the narrow band noise
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is of order of the charging energy between the two layers, which can be much less then the
1
gap A = (¢/C)2 of the neutral collective mode. We also notice that Aw/w approaches 1

when

eV 64 Ic 1/3
O (h202 E)
if (hf—éz%)l/ 3 < %. We find that well defined narrow band noise exists (i.e., Aw < w)

when, at least, the following conditions are satisfied:

(61)

max (62 /R, [(64/#02)(10/@)]1/3) <w=eV/h<v/L (62)

To confirm the above rough estimates, we have done some numerical calculations to
determine the time evolution of the wave packet in (55) using the following Hamiltonian

e? 2
H:—%W—CCOSQ (63)

For (/(e?/C) = 150, the frequency spectrum of the tunneling current I = e((sin#) is
plotted in Fig. 5 for £k = 100 and k£ = 40, where the frequency w is measured in unit of

the charging energy €2 /C'. From the numerical results we see that

1) The noise spectrum contain many peaks. The peaks occur at roughly the Josephson
frequency wy = (0) ~ ke?/C. The separation between the peaks is very close to e2/C.
The width of each peak is much less than the charging energy e? /C'. In our numerical

result the width is limited by the numerical resolution.

2) The width of the cluster of the peaks is of order 5¢2 /C', which is less than the gap for
the neutral mode A = 12¢%/C. The width that we estimated above (Eq. (60)) agrees

well with the width of the cluster.

For a typical double layer sample of size 10 x 10u, the charging energy is of order
60MHz. However the energy scale associated with interlayer tunneling ¢ = I./e ~ NAgyg
is very very large (here N is the number of electrons in each layer). One needs to fine tune

the transverse magnetic field to make ¢ almost zero in order to satisfy the condition (62).
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We would like to stress that the above result of finite band width of the narrow band
noise in tunneling current is not a particular property of tunneling in the double layered
systems. The same result also applies to the Josephson tunneling between superconductors,
once we replace e in (60) by 2e. In this case C still represents the capacitance of the junction
and w represents the Josephson frequency. It would be very interesting to see whether one
can observe the quantum correction to the Josephson effects in tunneling between small

superconductors.

We also would like to stress that the discussion in this section does not include the
effects of dissipation coming from the contact to the leads. The shape of the noise spectrum
may be changed by the dissipation effects. Also the condition to observe the narrow band

noise (62) maybe relaxed in presence of leads.

IX. PERTURBATIVE CALCULATION AND INTERLAYER
TRANSPORT AT FINITE TEMPERATURES

In this section we are going to study the properties of interlayer tunneling using a
perturbative expansion of the tunneling amplitude. In particular we would like to study
the noise spectrum and I-V characteristics at finite temperatures (within the perturbation
theory). The calculation can be done for local coupling and for random coupling. We find
that the tunneling current is given by I o< V7 at finite temperatures. The temperature
dependent exponent satisfies v — 0 as 7' — 0 and v — 1/4 as T approaches the K-T
transition temperature Tp. The differential conductance at V' = 0 is infinite. Again we

see that the interlayer tunneling is drastically enhanced in the (mmm) state.
We know that the noise spectrum of the tunneling current is defined by

F(w) = /0 " dt Re(ip(1)jr(0))e ! (64)
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with jr the interlayer tunneling current

Jt = i/anc [t(JT)CJ{(I)CQ(ZL‘) — h.c.]. (65)
(where ¢; represents an electron annihilation operator in layer i.)

1

At zero temperature, due to the long range order (c;(z)ca(z)) # 0, the noise spectrum
F(w) has an d-function peak at eV/h (within perturbation theory of tunneling t).> At
finite temperatures (but below the Kosteritz-Thouless (KT) transition) the double layered

system has an algebraically decaying order parameter just as in any 2D superfluids (i.e.,

f

((0102)33(0;01)@ ~ |z[77KT). The dynamical correlation of A = cycy in imaginary time can

be obtained from the Coulomb gas picture described in Ref. 2:

e2

ArevvVulT? + x2)

where ¢ is the capacitance per unit area between the two layers and v is the velocity of

(AT (7, 2) A(0)) o exp( (66)

the gapless mode. At a finite temperature 7" and for real time we have (after an analytic

continuation)

2 Vbn + an, ie? O(v3t? — 22
<T<AT<t,x>A<o>>=exp< e )exp (senio = MEn=E)) on

dmev £ (21/2p,,) Arev V22 — 12

with
an = 22 — 2% + n20?T 72, bp? = a% + 4ot 2n?T 2 (68)
For large x we find
(T (AT (0,2)A(0)) ~ |a 75T (69)

with vy = % and for large t we have

e2

(T(AN(£,0)A(0)) ~ [¢] 7 exp(isgn(t)

) (70)
At finite voltage we should include a factor ei%t in the above result. Thus, at finite T,
F(w), determined by Re(T (Af(t,0)A(0)) ~ t~ VKT has only an algebraic singularity at

w = eV/h, if the tunneling only occurs at isolated points (i.e., t(z) o §(z)):

. eV _ _
F(w) ~sin(ygr)P (A = gr)l=- — ver =1 (71)
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The DC tunneling I-V curve can also be calculated from the correlation of the tunneling

current and is determined by Im(7 (AT (¢,0)A(0)) ~ t~"&7~1 We found

I o sin(ygp)L(=vgr)VIET (72)

The temperature dependent exponent v is of order 7'/ Trp P At T = Txp, YieT is equal
to an universal value 1/4 which is independent of m (Here we are considering interlayer
tunneling in the (mmm) FQH state). The results (71) and (72) are also valid in the
presence of impurities and of a magnetic field parallel to the plane. In that case t(x) in

(65) has a random phase and (t(z)) = 0.

DISCUSSION
After completing the present paper, several experimental‘l’16 and theoretical papersl7’18’19
appeared. The experiments in Ref. 4,16 show a dramatic enhancement in zero-bias conduc-
tance in interlayer tunneling. The measured zero-bias conductance is about 1/200Kohm.
Although the conductance is still smaller than the predicted value 1/25Kohm, the mea-
sured conductance is getting smaller as one improve the quality of experiments. The
experiments in Ref. 16 also observed the neutral superfluid mode and measure its velocity

v = 1.4 x 10%m/s. This velocity is about 3 to 5 times smaller than theoretical estemate.

Before applying our results to the real sample, we would like to point out that in our
calculation we did not include effects of vortices in the phase field . Due to the random
phase in the interlayer tunneling amplitude, the vortices may exist in the real sample.
However, even in the presence of the vortices, our calculations are still valid provided that
the vortices are all pinned and do not move. The pinned vortices just behave like random

phase in the tunneling amplitude.
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In the real sample used in Ref. 4,16, the interlayer separation is about d ~ 2~ 6¢m, the
dielectric constant € ~ 10, the total electron density n = 5x100em ™2, and Ag g = I0uK.
We find the characteristic length [ is

ev2h?

l: _— =
2re2nAgg9d

1um

Since [ is less than the size of the leads, we cannot treat the lead as a point contact. Since
the interlayer tunneling current is non-zero only in a stripe of width [ around the lead, we

find the critical tunneling current to be

elunAgyg w
S AS  500——pA
2h 200 1,ump

I ~lwn =
where w is the width of the lead. We note that the observed critical current I, ~ 15pA is

much smaller. This could be due to the randomness in the phase of the interlayer tunnling

amplitude and/or vortex motion which were ignored in the above discussion.

In the absence of interlayer tunneling, there is a KT transition in the double layered

system. The transition temperature is

2 _+2

veeh

Trep ~ = 170mK
KT 2¢2d m

We note that the enhancement of the zero bias conductance appears around 7' = 170m K.

The gap of the neutral mode is

[2mneAg 45d
A = Mzguevzgom}(
€

Since A < Tk, the system starts to show signs of superfluid properties. The superfluid
properties will be more clear if A < T7. For the present value of Agyg, it may be hard
to see a sharp KT transition. However, Ag4g can be reduced by a strong parallel magnetic
field. The reduced Ag4g may make interlayer tunneling hard to observe. But one may be
able to use capcitance coupling or surface phonon to probe the neutral superfluid mode

which carries a dipole moment perpendicular to the layer.
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For the present value of Ag4g and the sample size L = 0.25mm, we find (62) cannot
be satisfied. Also since vortices may move near the critical current. Thus our discussion
AC Josephson effect may not apply to the present sample. In order for our discussion to
apply, one needs find ways to avoid vortex motion. One way to achieve that is to make [
larger and to make sample smaller than . Similarly Ag4g may still be too large for our
perturbative calculation of the I-V curve at finite temperatures to be apply.

The recent theory papers 17,19

start with the effective theory (4) first proposed in
Ref. 1,2 which pointed the spontaneous U (1) symmetry breaking in the system without
interlayer tunneling. The same effective theory also describe tunneling bwteen supercon-
ducting thin films. Thus those theoretical results also apply to tunneling bwteen super-
conducting thin films. The effects of vortex flow and other dissipations has been discussed
by Stern, Girvin, MacDonald, and Mal?, and by Fogler and WilczekRef. 19. They find
vortex flow can indeed reduce the zero bais conductance from the ideal value e?/h. The
finite temperature I-V curve was also obtained by Balents and Radzihovsky!® where more
general situations were considered. In particular, we would like to point out that Fogler
and Wilczek found a strong “AC Josephson effect” (defined as a peak at frequency eV/h
in noise spectrum of the tunneling current) even in the presence of vortex flow. Observing
such an “AC Josephson effect” at frequency eV/h instead of 2eV/h will show a fundamen-

tal distinction between the (111) double-layer system and coupled superconducting thin

films.
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FIGURE CAPTIONS

1 Effective circuit diagram of the interlayer tunneling.

2 DC I-V characteristics of the interlayer tunneling. Different I-V curves correspond to

different lead geometries.

3 A rectangular double layered system with point-like leads.

4 Lead configuration for a four terminal measurement.

5 Noise spectrum for interlayer tunneling current.
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