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Continuous transitions between states with the same symmetry but different topological orders
are studied. Clean quantum Hall (QH) liquids with neutral non-bosonic quasiparticles are shown
to have such transitions under right conditions. For clean bilayer (mmn) states, a continuous
transition to other QH states (including non-Abelian states) can be driven by increasing interlayer
repulsion/tunneling. The effective theories describing the critical points at some transitions are
obtained.
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Matters have several different states, such as solid, gas,
superfluid, etc , under different conditions. According to
Landau’s theory, all those states of matters are charac-
terized by their symmetries. QH liquids discovered in
1982 [1,2] in 2D electron gas form a new state of matter
which contain a completely different kind of order (called
topological order [3]). The topological order is new since
it is not related to symmetries. [3]

One way to gain a better understanding of the states of
matters is to study continuous transition between differ-
ent states. For the states characterized by symmetries,
continuous transitions between them are characterized by
a change of symmetry. The transition point is described
by a critical theory which demonstrates various scaling
properties. Similarly, to gain a better understanding of
the topological orders, we can also study continuous tran-
sitions between different QH liquids. Since the topolog-
ical orders are not characterized by symmetries, some
fundamental questions naturally arise:
1) Do continuous phase transitions exist between differ-
ent QH liquids?
2) Are the transition points described by critical theories
with scaling properties?

In the presence of disorders, the transitions between
quantum Hall (QH) liquids are believed to be continuous
and are described by critical points. But in this paper,
we would like to avoid the complication of disorders and
would like to concentrate on non-random system. It was
pointed out in Ref. [4] that a continuous transition be-
tween two QH liquids of difference filling fractions can
happen if we turn on a proper periodic potential. This
allows us to study continuous phase transitions between
QH liquids without introducing disorders. The transi-
tions studied in Ref. [5,6] for paired states are other ex-
amples of continuous transitions (where a periodic po-
tential is not needed). In this paper we apply Ref. [4]’s
results to study the transitions between two QH liquids
of the same filling fraction. We will see, in this case,
that the transitions some times can be continuous even
without periodic potentials (and disorders). Such con-

tinuous transitions between clean QH states can actually
appear in bilayer QH states. We will study some simple
bilayer QH states and determine under which conditions
it is likely to observe the continuous phase transition.
The transitions between the paired states [5,6] are spe-
cial cases of the transitions studied in this paper. Since
the continuous transitions studied in this paper are tran-
sitions between two HQ states with the same symmetry,
they are fundamentally different from the usual continu-
ous transitions which change the symmetry in the states.
We will call such transitions continuous topological phase
transitions.

We start with an Abelian QH state described by (K, q)
with a Chern-Simons (CS) effective theory [7]

L = − 1
4π

KIJaIµ∂νaJλεµνλ − e

2π
qIAµ∂νaIλεµνλ (1)

where K is a symmetric integer matrix and q an integer
vector. The quasiparticles are labeled by integer vectors
l. The charge and the statistics of such a quasiparticle
are given by

θl = πlT K−1l, Ql = −elT K−1q (2)

Now assume that we have a gas of quasiparticles la-
beled by l on top of the (K, q) state. The filling fraction
of the quasiparticle gas is νq = nqhc

QlB
, where nq is the

quasiparticle density. If νq = 1

ne− θl
π

for an even integer

ne, then the quasiparticles can form an Laughlin state,
and we obtain a new Abelian QH liquid labeled by (see
Blok and Wen in Ref. [7])

K ′ =
(

K −l

−lT ne

)
, q′ =

(
q
0

)
(3)

Now let us consider a transition induced by condensa-
tion of charge neutral quasiparticles labeled by l. First
we assume that the quasiparticles labeled by l and −l
(the anti-quasiparticles) have lowest energy gap (so that
they control the transition). The low energy effective
theory for the quasiparticles and the anti-quasiparticles
has a form
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L = |(∂0 + ia0)φ|2 − v2|(∂i + iai)φ|2 −m2|φ|2 − g|φ|4

− π

θl

1
4π

aµ∂νaλεµνλ (4)

Binding additional ne flux quanta (ne =even) to the
bosonic field φ gives us composite boson field φ̃. The
effective theory can also be written in terms of φ̃

L = |(∂0 + ia0 + ib0)φ̃|2 − v2|(∂i + iai + ibi)φ̃|2 −m2|φ̃|2

−g|φ̃|4 − π

θl

1
4π

aµ∂νaλεµνλ +
1
ne

1
4π

bµ∂νbλεµνλ (5)

Here 2m is the energy gap for creating a quasiparticle-
anti-quasiparticle pair.

Near the transition, two parameters m2 and a0 are im-
portant. (We can always assume b0 = 0 without losing
generality.) The (mean field) phase diagram is sketched
in Fig. 1.

m2

gapless
phase

gapless
phase

a0

QH liquid QH liquid

(K,q)(K’, q’)

FIG. 1. The phase diagram near a critical point.

The transition at a0 = m2 = 0 is the transition from
the

〈
φ̃
〉

= 0 phase (the (K, q) phase) to the
〈
φ̃
〉
6= 0

phase (the (K ′, q′) phase). Both (K, q) and (K ′, q′)
phase have finite energy gap, while gapless neutral ex-
citations appear at the transition point. The effective
theory Eq. (5) for the transition is identical to the one
studied in Ref. [4]. It was shown that the transition is
continuous at least in a large N limit. [4] The transition
point is a critical point with scaling properties. Some
critical exponents at the transition point (a0 = m2 = 0)
were calculated in the large N limit.

We see that a continuous transition between the two
QH liquids (K, q) and (K ′, q′) can happen even without
the lattice if Ql = 0. a QH state with neutral quasipar-
ticles can have a continuous phase transition to another
QH state even in the clean limit. One can show that the
two QH states always have the same filling fraction.

We can also bind an odd number no flux quanta to φ
and use an effective composite fermion theory to describe
the transition

L = ψ†(∂µ + iaµ + ibµ)τµψ −mψ†τ3ψ

+Ψ†(∂µ + iaµ + ibµ)τµΨ−MΨ†τ3Ψ

− π

θl

1
4π

aµ∂νaλεµνλ +
1
no

1
4π

bµ∂νbλεµνλ (6)

where τ0 = 1 and τ i|i=1,2,3 are the Pauli matrices and
ψ and Ψ are two-component fermion fields. M is a large

number and Ψ is the regularization field. Integrating out
ψ and Ψ generates a CS term − sgn(M)θ(mM)

4π aµ∂νaλεµνλ.
The (mean field) phase diagram for composite fermion
effective theory is identical to that of composite boson
(Fig. 1), if we replace m2 by −mM . The critical prop-
erties of Eq. (6) at a0 = m = 0 are studied in Ref. [8].
The transition was shown to be continuous in the limit
θl → π and no = 0. Both Eq. (5) and Eq. (6) describe
the same set of transitions, labeled by ne or no. The two
sets of labels are related by ne = no − sgn(M).

In general, after transition, the new QH liquid de-
scribed by (K ′, q′) contains dim(K) + 1 edge branches,
since dim(K ′) = dim(K) + 1. The quantum number of
the quasiparticles are given by Eq. (2). However, when
(K ′, q′) contains neutral null vectors, [9,10] the (K ′, q′)
QH liquid is really a QH liquid described by a reduced
(K̃, q̃) with dimension dim(K)−1. [9,10] A calculation of
(K̃, q̃) from (K ′, q′) was out lined in Ref. [9]. We would
like to point out that if ne = 0 in Eq. (3), (K ′, q′) always
has at least one neutral null vector lTnull = (lT , 0), and
the transition reduces the number of edge branches.

Now let us study a concrete bilayer (nn0) state to gain
more detailed understanding of the transitions. Here n
is odd if electrons are fermions, and n is even if electrons
are bosons. The electrons form a ν = 1/n Laughlin state
in each layer. The quasiparticle labeled by lT = (−1, 1)
is neutral and has statistics θl = 2π/n. Such a neu-
tral quasiparticle corresponds to a bound state of the
charge −e/n Laughlin quasiparticle in one layer and the
charge e/n Laughlin quasihole in the other layer. If
the Laughlin quasiparticle and quasihole in the two lay-
ers have strong enough attraction (this happens when
there is a strong interlayer repulsion), the quasiparticle-
quasihole pair (ie the neutral quasiparticle labeled by
lT = (−1, 1) and the neutral anti-quasiparticle labeled
by lT = (1,−1)) will be spontaneously generated. This
will cause a phase transition.

To understand the nature of the transition, let us first
assume that the neutral (anti-)quasiparticles are bosons
with θ = 0. The dynamical properties of the neutral
(anti-)quasiparticles can be modeled by a lattice boson
system which only allow 0, 1, or 2 bosons per site. The
average boson density is one boson per site. In the lattice-
boson model, an empty site corresponds to the neutral
anti-quasiparticle, a double occupied site corresponds to
the neutral quasiparticle, and a singly occupied site cor-
respond to no quasiparticle. Let us first ignore the boson
hopping. When the interlayer repulsion is much weaker
than the intralayer repulsion, the ground state of the
lattice-boson model has exactly one boson per site, and
is a Mott insulator. If the interlayer repulsion is much
stronger than the intralayer repulsion, the lattice-boson
model will has two degenerate ground states, one has two
bosons per site and the other has no boson. This cor-
responds to a charge unbalanced state where electrons
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have different densities in the two layers. Such a charge
unbalanced state has been observed in experiments. [11]
In the presence of boson hopping, before going into the
charge unbalanced phase, the boson Mott insulator must
undergo a continuous phase transition into a boson su-
perfluid phase. (The effective theory near the boson
Mott-insulator to superfluid transition is given by Eq. (5)
without the gauge fields.) This is the phase transition
between the K and K ′ states. In the boson condensed
phase, the bosons condense into a state described by a
constant wave function Φ({zi}; {wi})=Const., where the
complex number zi (wi) are coordinates of the neutral
quasiparticles (anti-quasiparticles).

When θ 6= 0, the phase diagram is similar to the one for
θ = 0 (at least in the large N limit [4]), and the picture
discussed above still applies. The effective theory near
the transition is given by Eq. (5) with the CS term. In
general the (anti-)quasiparticle can condense into a state
described by wave function

∏

i<j

[(zi − zj)(wi − wj)]
ne− θ

π

∏

i,j

(z∗i − w∗j )ne− θ
π , (7)

where ne is a certain even integer which corresponds to
the ne in Eq. (5).

In the dilute limit, the state with minimal
∣∣ne − θ

π

∣∣ is
expected to has lowest energy. Therefore, if n ≥ 2, as
we increase the interlayer repulsion, the (nn0) state will
transform into a QH state with

K3 =




n 0 1
0 n −1
1 −1 0


 , q3 =




1
1
0


 (8)

via a continuous transition.
What is the (K3, q3) state? It is nothing but the

(K, q) = (2n, 2) state, ie the ν = 1/2n Laughlin state
of charge-2e bosons (the Hall conductance is σxy =
ν(2e)2/h). This is because after a SL(3, Z) transforma-
tion, the (K, q) in Eq. (8) can be rewritten as

K =




2n 0 0
0 n%2 −1
0 −1 0


 , q =




2
1
0


 (9)

where n%2 = 1 if n =odd and n%2 = 0 if n =even. Ac-
cording to Haldane’s topological instability [9,10], Eq. (9)
just describes the (K, q) = (2n, 2) state. On the edge,
the three edge branches described by K3 in Eq. (9) can be
viewed as the reconstructed edge of the (K, q) = (2n, 2)
state. [10]

When n = 2, the effective theory Eq. (5) can be
mapped into a free fermion model (since the interaction
terms are irrelevant)

L = ψ†∂µτµψ −mψ†τ3ψ (10)

The effective free fermion theory allows us to calculate
all the physical properties of the transition, and we can
show rigorously the transition to be continuous.

The effective theory Eq. (5) used to describe the tran-
sition has a U(1) symmetry – the conservation of the
neutral quasiparticle φ. However, such a U(1) sym-
metry is broken by interlayer electron tunneling which
create n neutral (anti)quasiparticles. The electron tun-
neling operator has a form M̂φn, where M̂ is an op-
erator that create one unit of aµ flux. Note that the
combination M̂φn is gauge invariant and the effective
Hamiltonian/Lagrangian Eq. (5) should contain a term
tM̂φn +h.c. to describe the electron interlayer tunneling.

When n is large, we expect the tunneling term tM̂φn+
h.c. to be irrelevant and it can affect the properties of the
transition only if t is large. When n is small the effect
of the tunneling term may be important even in small t
limit. When the tunneling term is important, its effect
is hard to study. However, since the effective theory for
n = 2 can be mapped into a free fermion model, the effect
of the tunneling term on the transition can be studied ex-
actly. This situation has been studied in Ref. [5,6] for a
related (331) state (or more general (q + 1, q + 1, q − 1)
state in Ref. [5]). In the following we will show how to
make contact with their derivation.

For n = 2, we start with the fermionic effective theory
Eq. (10). Since the electron tunneling operator create a
pair of quasiparticles ψ, it has a form ψT τ2ψ. Thus the
effective Lagrangian with tunneling can be written as

L = ψ†∂µτµψ −mψ†τ3ψ + (tψT τ2ψ + h.c.) (11)

where t is the amplitude of the interlayer electron tun-
neling. After diagonalization, the Hamiltonian becomes
H =

∑
k,α=±Eα(k)λ†α,kλα,k with

E±(k) =
√

k2 + m2 + |t|2 ± 2
√

m2|t|2 + k2(Imt)2 (12)

The system contains gapless excitations (ie reaches a crit-
ical point) when m = |t| or m = −|t|. We see that the sin-
gle transition point is split into two transition points by
the tunneling term. The new phase diagram is sketched
in Fig. 2. Near the new transition points the low en-
ergy excitations are described by one free gapless Majo-

rana fermion H =
∑
k

√
v2k2 + (|t| − |m|)2λ†kλk, where

v = 1 − (Imt)2

|mt| . This agrees with the result obtained in
Ref. [5,6]. Again, all the physical properties of the tran-
sition can be calculated from the above free fermion ef-
fective theory. The state between the two new transition
points [5,6] is a non-Abelian Pfaffian state (for bosons)
proposed by Moore and Read. [12] It was suggested [13]
that such a p-wave paired state may describe the ν = 5/2
state observed in experiments.

From the phase diagram Fig. 2 (which has been given
in Ref. [5]), we see that the continuous transition from
the (220) state to the non-Abelian Pfaffian state can also
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be induced by increasing the interlayer tunneling t. One
naturally asks what kind of QH state can a large t induce
from the (nn0) state?

Pfaffian
state

charge-2e
Laughlin state

(220) double
layer state

gapless
phase

gapless
phase

(220) double
layer state

charge-2e
Laughlin state

Pfaffian
state

Pfaffian
state

t

-m

a0

-m

FIG. 2. The phase diagram for the (220) state in the pres-
ence of interlayer tunneling. We have assumed Imt = 0. The
left diagram has a fixed t and the right one has a0 = 0.

We first note that the analytic part of the (nn0)
ground state wave function can be written as a corre-
lation function of 2+0D chiral fermions. [12,14] The chi-
ral fermions ψi is defined by operator product expansion
(OPE) ψ†i (z)ψj(0) = δij/z where z = x + iy. Introduce
electron operators in the two layers ψe1 =

∏n
i=1 ψi, and

ψe2 =
∏2n

i=n+1 ψi, the (nn0) wave function can be written

as Φ(nn0)({zi}; {wi}) =
〈
e−iNφ

∏N
i=1 ψe1(zi)ψe2(wi)

〉
,

where the boson field φ is defined by 1
2π ∂zφ(z) =∑2n

i=1 ψ†i (z)ψi(z).
For the (220) state, after the transition, the wave func-

tion of the resulting Pfaffian state is just the (220) wave
function symmetrized between zi and wj . Such a wave
function can be written as a correlation function of a
single electron operator ψe = ψe1 + ψe2:

Φnab(z1, ..., z2N ) =

〈
e−iNφ

2N∏

i=1

ψe(zi)

〉
(13)

Since only a single electron operator is involved, Φnab is
a single layer state. This is consistent with the fact that
the Φnab state is induced by a large interlayer tunneling.

Here we would like to conjecture that the similar phe-
nomenon will also happen for the (nn0) state with n > 2.
A large interlayer tunneling t will change the (nn0) state
into the Φnab state defined in Eq. (13).

When n = 3, we find that the Φnab state is a non-
Abelian state. The edge excitations are generated by
ψe’s and ψ†e’s. [14] Through the OPE of ψe and ψ†e, one
can show that the neutral edge excitations are gener-
ated by ρ+, ρ2

− and cos(3nφ−), where ρ± are the cur-
rents in U(1)2 Kac-Moody algebra and φ± are defined
by ∂zφ±/2π = ρ±. Physically ρ+ corresponds to the to-
tal electron density and ρ− corresponds to the difference
of the electron densities in the two layers. They have the
following OPE ρα(z)ρβ(0) = 2δαβ/3z2. The electron op-
erator can be written as ψe = ei3φ+/2 cos(3φ−/2) through
bosonization. Thus the electron propagator alone the
edge has an exponent 3:

〈
ψeψ

†
e

〉 ∼ z−3. The quasipar-
ticle operators must be mutually local with respect to

the electron operator. [3] We find the quasiparticles with
lowest charge is created by ψq = eiφ+/2 cos(φ−/2) which
carries charge e/3. The quasiparticle propagator has an
exponent 1/3. The electron and the quasiparticle ex-
ponents and charges (and hence the edge tunneling I-V
curve) for our single layer ν = 2/3 non-Abelian state are
identical with the ν = 1/3 Laughlin state.

Since all the charged excitations remain to have finite
energy gap across the transition, the continuous topolog-
ical phase transitions discussed in this paper may not be
easy to observe. Notice that the neutral gapless excita-
tions at the transition carry an electric dipole moment
in the z-direction. Thus one way detect them is to use
surface acoustic phonon. Also the edge states before and
after the transition are very different. Near the transi-
tion, the velocity of one edge mode approaches to zero,
and such mode becomes the gapless bulk excitations at
the transition. Thus the transition should also be de-
tectable through edge tunneling experiments.

We would like to mention that the phase diagram for
the (n, n, m) state is the same as that of the (n−m,n−
m, 0) state discussed above. The neutral excitations in
the two states are identical. As a consequence, the critical
theories for the transitions in the two states are identical.
The results in this paper can be easily generalized to any
(mnl) bilayer states and hierarchical states.

XGW is supported by NSF Grant No. DMR–97–14198
and by NSF-MRSEC Grant No. DMR–98–08941.

[1] D.C. Tsui, H.L. Stormer, and A.C. Gossard, Phys. Rev.
Lett. 48 1559 (1982).

[2] R. Laughlin, Phys. Rev. Lett. 50 1395 (1983).
[3] X.-G. Wen, Int. J. Mod. Phys. B4, 239 (1990); X.-G.

Wen, Adv. Phys. 44 405 (1995).
[4] X.-G. Wen and Y.-S. Wu, Phys. Rev. Lett. 70 1501

(1993).
[5] N. Read and D. Green, cond-mat/9906453;
[6] M.P.A. Fisher, T. Senthil, and X.-G. Wen, to appear.
[7] B. Blok and X.-G. Wen, Phys. Rev. B42 8133 (1990);

B42 8145 (1990); N. Read, Phys. Rev. Lett. 65 1502
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