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We propose that underdoped high T, superconductors are described by an algebraic spin liquid
(ASL) at high energies, which undergoes a spin-charge recombination transition at low energies.
The spin correlation in the ASL is calculated via its e ectiv e theory - a system of masslessDirac
fermions coupled to a U(1) gauge eld. We nd that without ne tuning any parameters the gauge
interaction strongly enhancesthe staggered spin correlation even in the presenceof a large single
particle pseudo-gap. This allows us to show that the ASL plus spin-charge recombination picture
can explain many highly unusual properties of underdoped high T superconductors.

I.  INTR ODUCTION

One of the intriguing questionsabout the cuprate su-
perconductors- to many possibly the key to understand-
ing superconductivity - is the role played by spin corre-
lations in these materials. By now it is well established
that the insulating parent compound of the copper oxide
superconductors is well described as a two dimensional
Heiserberg Antiferromagnet in the temperature regime
above the three dimensional Neel ordering temperature
(T 30K). BetweenTy and a temperature of about
600K the materials seemto follow the renormalizerﬂ clas-
sical results of Chakravarty, Halperin and Nelsord. At
higher temperatures the system appears to cross over
to quaE'num scaling behavior with a dynamical exponert
z = 1. On doping with holes, away from stoichiom-
etry, these insulating compounds dewelop into high T,
superconductors even for very low hole concertration of
order 5%. For suc low doping the low energy Hilb ert
spaceshould still be dominated by spin uctuations - as
a memory e ect of the undoped parent compound. The
guestion that needsto be addressedis the peculiar in-
terplay of short range antiferromagnetic correlations asa
remnart of the orderedNeelstate at zerodoping compet-
ing with spin singlet formation presen in the supercon-
ducting state. Depending on the importance attached to
thosetwo spin correlations we candistinguish two sdools
of thought that have strongly in uenced the high T, re-
seardt.

The rst takes the strong antiferromagnetic (AF)
spin uctuations seriously asproviding the \mechanism"
for superconductivity. Assuming the normal state is a
Fermi liquid, the antiferromagnetic spin uctuations_ were
shown to lead to a d-wave superconducting state The
spin uctuations canbe r&odeledphenomenologicallya la
Millis, Monien and Pinedl in the context of a nearly an-
tiferromagnetic Fermi liquid (NAFL). The main degrees
of freedom are spin and charge carrying quasiparticles
coupled to their own spin uctuations. The strength of
the spin uctuations is modeledby a susceptibility which
is strongly peaked near the commensurateantiferromag-
netic wavevector Q = ( =a; =a). This strong enhance-

mert is achieved via an RPA in the form

o(a;!)
1 J(g;T) o(a:!)

as proposed by Monthoux and Pines ( o(qg;!) is calcu-
lated by taking spin uctuations mediated interactions
between the quasiparticles into accourt). In a seriesof
papers Monthoux and Pines have given what they call
a \pro of of concept" for spin- uctuation driven pairing

for the cuprates near optimal doping. They study the
competition of spin-density wave (SDW) order with su-
perconducting pairing by solving two-dimensionalEliash-
berg equations for spin- uctuation induced interactions
betweenthe quasiparticles. These approaches could ac-
court for both the d-wave pairing symmetry and the
high T¢'s seenin the cuprates. One interesting question
is of coursethe interplay of SDW and superconductiv-
ity as instabilities of the NAFL. Monthoux and Pines
concludedthat superconductivity always prevails as the
dominant instabilit y. With the realization that the quasi-
particles are not too closeto a SDW instabilit y they how-
ever neededa strong ne tuning of their Stoner enhance-
ment factor J(q) asa function of both momertum depen-
dence(strongly peaked at Q = ( =a; =a)) and strength
(J(Q) o(Q;0) 0:97) to accourt in a \self-consistert"

manner for their empirical input spin spectrum.

The discussionso far was certered on the optimally
doped case,in this paper we shall however be concerned
with the underdoped cuprates where the spin behavior
shows the peculiar competition of antiferromagnetic or-
der and singlet formation in a particularly striking way
asis evidencedby various spin-pseudo-gapseenin NMR
and Neutron scattering. Let us briey mertion the ap-
proachesto this regime which have emphasizedthe anti-
ferromagnetic order and the concomitarnt spin wave exci-
tations asthe dominant degreesof freedom. In an exten-
sive study of the 2d antiferromagnetic Heiserberg model
Chubukov, Sathdev and Y& haveidenti ed the spin cor-
relations in the quantum critical regime at the transition
from Neel order to paramagnetism. In their paper they
also arguefor the appearanceof quantum critical scaling
away from zero doping by incorporating the e ect of the
doped charge degreesof freedominto a reduction of the
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spin stiness (nite in the ordered Neel state of the 2d
Heiserberg model) Sokol and Pined] have similarly ar-
gued for quantum critical behavior and its crossover to

a quantum disordered regime driven by the frustration

of antiferromagnetism via the hole motion asthe physics
behind the strange spin correlations in the pseudo-gap
regime. They postulate a susceptibility which is dom-
inated by the e ect of a nite coherencelength in the
guantum disordered regime and the appearanceof the
correspnding full energy gap for spin excitations.

As we shall argue below this phenomenologyqualita-
tively agreeswith what we obtain within the slave bo-
son approad to the tJ-model, where howewer in con-
trast to the above, spin singlet formation (or more pre-
cisely, the formation of the d-wave/staggered- ux Ease
{ astate with a particular quantum order U1Cn01r&t) is
the driving force behind all of the strange phenomenology
in the underdoped samples. The slave bosonapproad is
a microscopictheory for high T, superconductorswhich
takesthe on-site repulsion U and the resulting chargegap
( 2eV)asthe largest scalein the theory. It naturally re-
producesthe Mott insulator phaseat half ling and low
charge carrier density at low doping. Furthermore this
framework allowsusto calculate various line-shapeswhen
the AF-correlation is short ranged. The line-shapescan
be quite di erent from those obtained from phenomeno-
logical models.

The slave bosonapproad is strongly tied to the strong
coupling phenomenologyincorporated inﬂe Hubbard or
tJ -model and was guided by Anderson's exciting pro-
posal of a spin liquid asa realization of the strongly cor-
related Mott insulator in the parent compound of the
high T. superconductors. More specically, Anderson
proposedthat the cuprate physics could be understood
in terms of doping holes into a state which consists of
preformed spin singlet dimers on nearestneighbor bonds
whose quantum uctuations lead to uniform strength
AF-correlations on all nearest neighbor bonds (termed
resonating valencebond (RVB) state). The RVB state
also has short range antiferromagnetic spin correlations
(no true long range order) due to the singlet formation
and hencecomprisesa spin liquid phase. However, due
to the succesof the two dimensional Heiserberg antifer-
romagnet in describing the insulating parent compound
of the cupratesthis idea of a spin liquid ground state was
partly rejected.

Neverthelessthe RVB picture hasa lot of appeal. Let
us mertion briey the rational behind the opinion that
the spin singlet formation dominates antiferromagnetic
correlationsin the underdoped cuprates. The slave boson
approad treats the underdoped cuprates as doped Mott
insulators - the key experimental fact of high T, super-
conductors. It also naturally incorporates the spin sin-
glet formation and predicﬁd, aheadof experimerts, the
pseudo-gapmetallic phase= in the underdoped cuprates
and the superconducting d-wave order (preferred over
s-wave by stronECoulomb correlations presen in the
Mott insulator).ta The pseudo-gapmetallic phaseis a

new state of matter and it is very rare in the history of
condensedmatter physicsthat a new state of matter was
predicted before its experimental obsenation. An impor-
tant e ect of the preformed spin singlets, presert in the
RVB picture, is the fact that the spin on the doped holes
can becomean excitation on top of the RVB collective
state whereasthe charge remainstied to the empty site.
This led to the notion of seprate spin and charge car-
rying excitations called spinons and holons respectively.
Superconductivity then appears as a consequencef es-
tablishing coherenceamongthe doped holeswhich natu-
rally incorporates a low (proportional to x the hole dop-
ing concerration) super uid density presen in the un-
derdoped cuprates. This picture of the spin uctuations

is quite dierent from the NAFL where (1) a metallic
state with no pseudo-gapis assumed (which does not
apply to the underdoped regime) and (2) strong antifer-

romagnetic spin uctuations couple to spin and charge
carrying quasipatrticles. It is the exchange of those anti-

ferromagnetic uctuations which givesrise to the pairing
necessaryfor superconductivity.

However, underdoped cuprates have a very puzzling
property which seemshard to explain using the spin lig-
uid approad (or other approades). As the doping is low-
ered, both the pseudo-gapand the AF correlation in the
normal state increase. Naively, one expects the pseudo-
gap and the AF correlations to work against eat other.
That is the larger the pseudo-gap,the stronger the spin-
singlet formation and the weaker the AF correlations.
One result coming out of the researt reported here is
a connection of the quantum scaling regime of the un-
doped compounds at high temperature with Anderson's
RVB picture via the algebraic spin liquid (ASL) phase.
We nd that the ASL can explain both the pseudo-gap
and the strong AF correlations in the underdoped high
T. superconductors. Due to the U(1) gauge uctuations
in the ASL phase,the AF spin uctuations in the ASL
are as strong as those of a nested Fermi surface, de-
spite the pseudo-gap.The doped holessuppressthe U(1)
gauge uctuations which explains the decreaseof the AF
spin uctuations with increasingdoping even though the
pseudo-gapis smaller at higher doping. We would like
to stressthat the ASL approad to the AF uctuations
is distinct from RPA-lik e approaches. Due to the small
density of states in the pseudo-gapphase, one needsto
ne tune a large coupling constart within the RPA to t
the experimental data for underdoped samples. Such a
ne tuning is not necessaryin the ASL approac. Thus
the U(1) gaugestructure (and the assaiated spin-charge
separation)in the ASL lie at the heart of the strangephe-
nomenology of th@underdoped cupratesin the so called
pseudo-gapphasé&l.

The starting point of the slave boson approad is a
microscopic lattice model. Among the popular models,
the tJ-GtJ (Generalizedt]J) model seemsparticularly
promising as a description for the low doping regime
where the competition between delocalization energy t



and the spin uctuations J becomesmanifest.

H = J(Si Sj
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The form of the tJ Hamiltonian can be justied starting
from the Hubbard model in the limit of strong on-site
Coulomb repulsion energywhich in the cupratesleadsto
aninsulating chargetransfer gapof 2eV. As the Coulomb
energyis the largest energyscalein the problemit is nat-
ural to treat the kinetic energy as a perturbation which
to lowest order in t? leadsto the tJ Hamiltonian with
the single site Hilb ert spacerestricted to the three states
spin up/down and empty. For zerodoping the tJ Hamil-
tonian reducesto the Heiserberg model with antiferro-
magnetic exchange coupling (virtual hopping on top of
strong onsite Coulomb repulsion naturally leadsto anti-
ferromagnetic exchange).

The organization of the paper is as follows; In the
next two sections(l],ml) we review the ideasunderlying
the ASL and discussthe spin correlations in this phase
sketching the calculations involved (details can be found
in the appendix). Following this we give a brief discus-
sion gﬁhow the recertly introduced conceptof quantum
order?t a ects the current results (JV]). Section (V]) ad-
dresseghe problem of what happensto the ASL physics
at low energieswhere the interactions between spinons
and holons becomestrong. This will be followed up by
a discussionof possibleimplications for the cuprates and
a short comparison with other approacesto the same
region of the phasediagram (@). The nal section(m)
will summarizethe main results and discussopen prob-
lems for further study.

Il.  SU(2) SLAVE BOSON APPR OACH AND
ALGEBRAIC SPIN LIQUID

Taking the charge gap asthe largest energy scale,we
have argued that the natural starting point to the de-
scription of underdoped cupratesis a strongly correlated
model. The question of spin correlations in the cuprates
ties into the question of how to reconcile local momert
magnetism with itinerant electron spin density uctua-
tions which is a longstanding problem in condensedmat-
ter physics. There seemsto be consensusin the com-
munity on how best to describe the two extreme lim-
its of the cuprate phase diagram - the Mott insulator
at zero doping as a Heiserberg antiferromagnet and the
heavily doped regimein terms of itinerant electron mag-
netism. Of courseas always the most interesting regime
is the one lying in betweenthe two limits which shows
the antiferromagnetic-singlet dichotomy described above.
For the lightly doped regime one could arguethat clearly
a perturbation about the Neelordered state with frustra-
tion dueto holes,a la Sokol and Pined], makesthe most
sense. Howeer, this approac doesnot specify the na-
ture of the quantum spin liquid in the disordered phase.

Understanding the properties of the quantum spin liquid
is very important sinceit is the quantum spin liquid that
cortrols the pseudo-gapmetallic state in the underdoped
cuprates. Another drawback with the NAFL approac
to the spin and charge uctuations is the fact that it
cannot explain naturally the small charge carrier density
without breaking translation symmetry.

The picture of spin uctuations followedhereis the one
of preformed singlets (RVB) which incorporates the spin
correlations in the spin disorderedphase(such asthe su-
perconducting state and the pseudo-gapnormal state) in
a natural way by paying the prize of throwing away a lot
of antiferromagnetic correlations. The aim of the current
paper is to shov a way of reconciling the singlet for-
mation with the strong dynamic antiferromagnetic cor-
relations seenin NMR and Inelastic Neutron Scattering
(INS) with the help of a gaugetheory basedon a slave
bosondecoupling of the tJ -model.

As we discussedbriey above, the (generalized) tJ -
model can be showvn to be an excellert description of the
low energy physics embodied in the Hubbard model un-
der the condition that the single site Hilb ert spaceis con-
straint suc that double occupation is forbidden. On an
operative level this problem can be attacked by introduc-
ing slave particles that changethe constraint ¢¥c (i) 1
(wherec (i) is the physical electron destruction operator
of spin  onsite i) into  fYf (i) + b’b(i) = 1 where
the b(i) is a bosonic operator - the holon - that keeps
track of the empty sites and carries the charge of the
physical hole, whereasthe spin of the hole is carried by
f - the fermionic spinon. This is achieved by writing
¢ = f b and should be read as an equality in the con-
straint Hilb ert space.With the introduction of the slave
bosonswe have howewer introduced a redundancy in the
description of our physical problem which is a U(1) phase
rotation of f and b that leavesthe physical electron op-
erator invariant. As the system ewlves under the tJ
Hamiltonian () this phasewill strongly uctuate asa
function of spaceand time. It is this phase degree of
freedomthat corresppndsto U(1) gauge uctuations and
makesthe description of the constraint problem of spin +
hopping in terms of fermionic and bosonicoperators pos-
sible. The above program can be summarizedunder the
name of U(1) slave bosontheory and was implemented
widely in the early days of high T, researtitd. Early on
it was also realized= that the Heiserberg model in the
fermionic represemation has an extra SU(2) invariance
organizing the spinonsinto doublets
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In the usual U(1) slave boson approac this invari-
ance was lost on introducing holes. More reﬁﬁ/ Wen
and Lee introduced a slave bosonformulation which
maintains this SU(2) structure away from half lling.

This was adhieved via the introduction of slave boson
doublets and represeting the physical electron operator
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the doublet of bosonic elds keepingtrack of the doped
holes.

The slave boson approach to the tJ Hamiltonian
then is e this decoupling and perform a mean- eld
analysi@v. This hasled to a mean- eld phasedia-
gram as a function of hole doping x and temperature T
which is in qualitativ e agreemen with the phasediagram
of the cuprates. Within the mean- eld description how-
ever the gaugefreedom s treated only on the average-
i.e. replacedby a static con guration of phaseswhich
in turn determine the band-structure of the spinonsand
holons. Howewer as is usually the casewith the identi-
cation of phasesvia a mean- eld decoupling we need
to consider uctuations about the mean- elds to deter-
mine their stability. In particular the gauge eld - un-
constrained by any dynamics - will a ect the physical
properties in eat phasedrastically.

In the presen paper we are concernedwith the pseudo-
gap regime of the cuprates which - within the U(1) for-
mulation - was identi ed asthe d-wave paired state for
the spinons. Within the SU(2) approach this phasecan
also be described as the so called staggered-Flux (sF)
phase without explicit fermion pairing. As it turns out
(se&d for more details) the SU(2) formulation allows for
a more straightforward identi cation of low-lying (mass-
less) gauge modes and it was shown that the sF phase
breaks the SU(2) gauge structure down to U(1). This
masslesdJ(1) mode was missedin the early discussions
(within the U(1) slave boson approac) on the pseudo-
gap phase and plays a crucial role in the pseudo-gap
phase of the underdoped cuprates. It is responsible for
the emergenceof the ASL. In the next section we shall
discussthe physical spin correlations in the ASL.

Before closing this section, we would like to remark
that the ASL (the sF phase)is only one of many possible
symmetric spin liquids. All symmetric spin liquids have
the samesymmetry, and henceve cannot distinguish dif-
feret symmetric spin liquids by their symmetries. The
concept of quantum order was introduced-t to distin-
guish the di erent internal structures presen in the sym-
metric spin liquids. For the symmetric spin liquids con-
structed within the SU(2) slave bosonapproad, onecan
usethe projective symmetry group (PSG) to character-
ize their di erent quantum orders. One nds that the sF
phaseis described by the particular PSG with the name
UlCnOlnand it is one of anin nite number of possible
symmetric U(1) spin liquids. Thus the sF phasecan be
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more accurately called U1Cn01n phase. Quantum order
and its PSG characterization is a very important concept
for our discussion(Seesection).

I, SPIN SUSCEPTIBILITY

Our starting point is the sF (or U1Cn01n) state in
the SU(2) mean- eld phasediagram where the e ective
degreesof freedom are spinons and holons coupled to
a masslessU(1) gauge eld. In order to analyze this
problem we have mapped the lattice e ectiv e theory for

the sF state (at zerodoping) onto a cortin uum theory of
masslesdirac spinors coupledto a gauge eld, B2 whose
Euclidean action reads
Z XN
S = d¥ v, (@ ia) (4)

=1

wherev .o = 1and N = 2, but in the following we will
treat N as an arbitrary integer. In generalv .1 6 v 5.
Howewer, for simplicity we will assumev ,; = 1 here. The
Fermi eld isa4 1 spinor which descrikes lattice
spinons with momerta near ( =2; =2). The 4 4

matrices form a represemation of the Dirac algebra

f ; g=2 (; =0,1,2)andaretakento be
_ 3 0 | _ > 0
o~ 0 3 ' = 0 2 ! (5)
0
— 1
2= 0 1 (6)

with the Pauli matrices. Finally note that

Y . The dynamicsfor the U(1) gauge eld arisessolely
due to the screeningby bosonsand fermions, both of
which carry gaugecharge. In the low doping limit, how-

ever, will only include the screeningby the fermion
elds, & which yields
z z
_ 17 d’q
Z = Da exp > Wa (&) a( o
_ NP q
- & ? (7)

By simple power courting we can seethat the above po-
larization makesthe gauge eld a marginal perturbation
at the free spinon xed point. Importantly however we
should note that sincethe consened current (that cou-
plesto a ) cannot have any anomalousdimension, this
interaction is an exact marginal perturbation protected
by current consenation.

A. Uniform correlations

Let us now discusshow the gauge uctuations a ect
spin correlations near momertum transfer q = (0;0).



FIG. 1: Non-zero leading 1=N corrections to the staggered
spin correlation function. The x denotesthe vertex which is
the 4 4 unit matrix in the caseof interest.

The expressionfor the uniform spin correlation reads(see
Appendix f)

Z
15: (S, O = (;e;seiﬂ*rsa @S, ( D ©)
@S (@ = 5 T oG oGl

whereh i denotesthe expectation valuewith respect to
theory (H). From this expressionwe seethat the uniform
spin correlation is proportional to oo, the polarization
operator of the spinons. Henceit cannot be strongly af-
fected by the masslesgjauge eld aswe arguedabove via
current consenation. This was shown in an explicit cal-
culation by_Chen, Fisher and Wu in the context of the
FQH e ect% Contrasting to this as was suggestedby
Kim and Lee=d we would expect the gauge uctuations to
strongly a ect the staggeredspin correlations which are
not protected by current consenation and restore anti-
ferromagnetic correlations==2 which have beenlargely lost
in the mean- eld singlet state as we shall seenext.

B. Staggered correlations

In the following we will presert uctuation corrections
to the antiferromagnetic spin-spin correlations at order

4 4

1=N. The expressionfor the staggeredcorrelation is ob-
tained in the form (seeAppendix

z

. .1 dp
BI@S. (D = o

Tr 1G(p)1G(p  €)(9)

At the mean- eld level this is simply
z

@S, (o= 5 o

Tr 1Go(p)1Go(p )

where Go(p) = p—' and the vertices are the 4 4 unit

matrices denoted 1. Decoupling the denominator in the
usual way via Feynman parameterswe obtain

P&

2 (@S (o= —o (10)

Note that q is measuredwith respectto ( ; ) in units
of the lattice spacing. From expression(@), we seethat
the antiferromagnetic correlations have beenlargely lost.
The reasonfor this can be traced badk to the spin singlet
formation in the mean- eld sF (U1Cn01n) phase. This
motiv ates the inclusion of gauge uctuations. At order
1=N we have the three non-vanishing diagrams depicted
in Fig.[ﬂ]. In order to calculate the contribution of these
diagrams we note that unlike the single spinon spectral
function the density density correlation is gaugeinvariant
and hencewe can chooseto work in the Landau gauge
where the gaugepropagator reads

__8 99
D(Q)—EP? &

and we have the following expressionsfor the diagrams
showvn

(11)

_ 1 dk diq 1 1 . 1 _ 1

[1(A)] + [ﬂ(B)] =2 27 @) Tr ]li(p+ %) ]Lik i D (q)i(k g [ m (12)
Z Z
_ 1 dk diq 1 1 1 _ 1
Hel= 3z @y ey Ypro | iprkro tikrg | & 0 @ @9
After performing the trace and integrating over k in d = 3, where the integrals are corvergern (see Appendix ),
we arrive at .
17 diqg 2p g+p P ¢ ipi
AL+ e = 5 (2)¢ j&lip+ o jpefipt & je&? (1)
Z . .
ney= L dlg 2 js PP+2 6§ _ 4p o9 + 29 15)
N (2) & j&® je’ip+e efip+ea p ofipip+ &

In order to proceedwe needto regularize the above in-

tegrals. Becauseof the dot-product appearing in the de-



nominator of the last term in (E) it is hard to usedimen-
sional regularization. Hencewe have setd = 3 and intro-
duced an upper momertum cuto Thus performing
the nal integrals over ¢ we can extract the log-divergert
term in the form

2
(A + [B)] + [iC)] = ﬁjpﬂn 3
m (;a) ()
1
= Csésm(z ) (2
32
~ 32N

where Cs is a constart depending on the physics at the
lattice scale. In the limmit N ! 1 this reducesto the
mean- eld result ([L0)

From (@) it is clear that the gauge uctuations have
reducedthe mean- eld exponert. If we boldly setN = 2
which is the physically relevant casewe nd > 1=2 sig-
naling an antiferromagnetic instabilit y. This is consisten
with an earlier numerical result obtained in Ref. E In
Fig.[ﬂ] we plot the imaginary part of the spin suscepti-
bilityatq=0 Qar =(; )

This result is quite natural in the light of what has
beensaid so far. The gauge uctuations arise from the
constraint of no double occupancy The dynamicsfor the
gauge eld - in the very low doping limit assumedhere-is
solely due to virtual spinons. It is the low energyspinon-
antispinon pairs having a nesting condition for scatter-
ing between the nodes (separated by Qar ) in the sF
(U1Cn01n) phasemean- eld spectrum which are respon-
sible for the antiferromagnetic enhancemen in the ASL
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FIG. 2: Imaginary part of the spin susceptibility at Qar .
Note the divergenceat small !
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After combining this with the mean- eld result (@)
and cortinuing to real frequencies(see Appendix ) we
obtain

Imhsy (15a)Ss (! Q)i

(12 g 1?2 g2 (16)

phase. Let us emphasizeagain that this enhancemenh
of spin correlations at Qar = ( ; ) over the uniform
componert is protected, just like the gaplessU(1) gauge
uctuations and the gaplessspinons, by the U1CnQO1n
guantum order

We have thus established algebraic behavior for the
staggeredspin correlations. It is sud an algebraic cor-
relation that leadsto the name ASL that we assignedto
the phase.

C. Correlations near ( ;0)

For this momertum transfer the spinonsget scattered
betweenthe two di erent typesof nodesin the sF spec-
trum which yields the following expressionfor the corre-
sponding correlations

, 8 o) (@S (i = (a7
1 dp 0 0
i B) o G | g Gk 9

Having worked hard to obtain the anomalousdimen-
sion of the staggeredspin operator by brute force we will
here resort to standard eld theory renormalization ap-
paratus which allows for a more economical derivation
of the anomalousdimensions of composite operators. In
order to obtain the anomalousdimension of the spin op-
erator which is a fermion bilinear we needto obtain its
wavefunction renormalization in the form

Zs=72 2 (18)
where is the relevant vertex and as we have seen
above depends on the momertum transfer ( =

o1 01
1

0 near (0;0);( ; ) and ( ;0) respec-

tiv ely).
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FIG. 3: Fermion-Fermion vertex

The spinon wavefunction renormalization is obtained
from the self energy in the usual way and evaluates in
the Landau gaugeto

3 d
ii(72_ (19)
N 3 2(M2)GB d=2
where M is the renormalization scaleand we have used
dimensional regularization.

To obtain the vertex renormalization we needto eval-
uate the divergen part of the 1-loop diagram depicted in
Fig.[B] which reads

Bli (i

z

)k+) (i )I+pi D ()
2 )3 (k+D2(p+1)?

where is the relevant vertex and D  is given by (@.
Sincethe vertex correction divergesonly logarithmically
we can simply evaluate the divergert part by setting all
the incoming momernta equalto 0. Hencethe above sim-
plies to

8 z ddl
N d
.. N @) 4
I (0l I (0l [ 1
E 17
where we now concertrate on the ( ;0) vertex.
This can be easily evaluated with the help of
(0=@Q 22) (o
i 1. 1 2
@) = 323 4
and results in
_, 41 (59
z (0 ~ 1 ﬁﬁ(M 2)(3 d)=2 (20)
which together with equations ([[§) and (L9) gives
Zs, ., =1 (21)

Hence the spin operator at ( ;0) doesn't pick up any
anomalous dimension from the gauge eld interactions.
It is not hard to chedk within the above outlined calcu-
lation that for the other two vertices correspnding to
the uniform and staggeredspin operator, we recover the
results discussedin the previous sectionswhich givesa
nice ched on the brute force calculation.

IV. PERTURBA TIVE STABILITY
(U1Cnoln) PHASE

OF THE sF

An important technical detail washidden in the above
calculation. In this section, we will exposethis issue.

The sF phasecontains 2 families of 4-componert mass-
lessDirac fermions, which coupleto masslesdJ(1) gauge
uctuations. At the perturbativ e level, the interaction
can generate many possible cournter terms (in this case
the self-energyterms) which can
(A) generatea massfor the Dirac fermions,

(B) generate a nite chemical potential for the Dirac
fermions and change the Fermi points into Fermi pock-
ets,

(C) shift the crystal momerta of the Dirac fermions from
( =2, =2)to someother values.

In our perturbativ e calculation in the last section, we
have assumedthat non of the above counter terms are
generatedby the interaction.

In a genericinteracting theory, we usedto believe that
all the counter terms that are consistert with symme-
tries will be generated. All of the above three types of
courter terms are consistert with the underlying lattice
symmetriesand are henceallowed by the symmetries. In
fact they do appear in our calculation of the continuum
theory as cut-o dependert terms. It appearsthat the
results in the last section are incorrect since the impor-
tant counter terms are ignored. Those counter terms, if
presen, will drastically alter our previous results.

As was stressedin this paper and in Reff and Ref[
the sF phase,asa quantum spin liquid, is not only char-
acterizedby its symmetry but alsoby its quantum order.
The quantum order in the sF phaseis characterized by
a particular PSG { U1Cn0O1n. The mean- eld ansatz of
the sF phaseis invariant under the transformations of the
U1Cn01n PSG. As pointed out in Reff and Ref. f, the
perturbativ e uctuations around the mean- eld ground
state may deform the mean- eld ansatz. Those deforma-
tions correspnd to the courter terms. Howevwer, in our
case,it isincorrect to usesymmetriesto determine which
courter terms are allowed. One should usethe PSG to
determine the allowed courter terms. This is because
perturbativ e uctuations can only deform the ansatz in
such a way that the deformed ansatz remains invariant
under the samePSG. It was shownt that the above three
courter terms are forbidden by the U1Cn01n PSG. This
is why we can drop them in our calculation.

When we calculate the e ects of interactions in a con-
tinuum theory, we intro ducea high energy/short distance
cut-o. This cut-o destroys the structure of the under-
lying quantum order. Thus it is not surprising that the
courter terms forbidden by the quantum order show up in
continuum theory ascut-o dependert terms. To restore
the quantum order that existed in the underlying lat-
tice theory, we can simply drop all the forbidden courter
terms in our calculation within the corntinuum theory.
We seethat the PSG and the conceptof quantum order
play an important role even in calculations within con-



tinuum theories. It is the understanding of the PSG and
guantum order that makes sensible calculations in the
continuum limit possible. In fact, the theory of quan-
tum order is partly motivated by the above issueof the
courter terms.

In summary, the perturbative uctuations around the
mean- eld sF (U1Cn01n) state cannot changethe quan-
tum order and cannot generate energy gaps for the
U(1) gauge eld and the spinons®l. Thus the gapless
U(1) gauge uctuations and the gaplessspinonsare pro-
tected by the U1CnOln quantum order preser in the
sF (U1Cn01n) phase. They remain gaplesseven when
the interaction is nite all the way down to zero en-
ergy. The interacting gaplessexcitations lead to many
unusual properties of underdoped cuprates, such as the
non-Fermi liquid behavior of the normal metallic state,
the broad electron spectral functiontd, and the diverging
AF spin uctuations in the presenceof the pseudo-gap.
The U1Cn01n quantum order in the sF phasenot only
protects the gaplessexcitations, it also protects the mo-
mentum of the gaplessexcitations. For examplethe spin-
1 gaplessexcitations can only appear near k = (0;0),
( ;) (0; ), and ( ;0).

We would liketo point out that although the Aﬁgcan
be a stable quantum phasein the large N limit, B£4 for
the real N = 2 case,non-perturbativ e instanton e ects
causean instability. Thus at low energiesthe ASL will
changeinto someother state, suc asthe d-wave super-
conducting state, the AF state, stripe states, or even
a Z, spin liquid state. Since the U1Cn0O1ln quantum
order in the sF phaserequires the spin-1 gaplessexci-
tations to appear at k = (0;0);( ; );( ;0);(0; ), the
shift of the low fre cattering peak ob-
sened in experimer?sﬁﬁﬁ@ﬁ%@ indicatgslz’;\ transi-
tion from the ASL to someother state at low temper-
atures. Studying how the momertum of spin-1 gapless
excitations shifts away from ( ; ), ( ;0) and (0; ) will
allow us to experimentally identify the low temperature
phase.In the last section, we have studied the spin uctu-
ations in the ASL. In the following section, we will study
the spin uctuations in the low temperature phase.

V. THE FATE OF THE ASL

In section ml we showved how the ASL physics recon-
cilesthe pseudo-gapformation (ie the condensationinto
spin singlets within the RVB picture) with enhanceddy-
namical antiferromagnetic uctuations. At lower ener-
giesthe ASL is unstable - and an important questionis
how the ASL ewlvesin the underdoped regime into the
superconducting state as we reducetemperature.

In the following we are going to addressthis question
via rst analyzing the e ect of the opening of a gap in
the gauge uctuations on the staggeredspin correlations.
Intuitiv ely we should expect that for energiesbelow the
massgap the spin correlations should be given by mean-
eld correlations - which is indeed the case. Having es-

tablished the profound e ects of this gap formation we
take a more careful look at the change of the mean- eld
correlations on going from the sF (U1Cn01n) phaseinto
the fermion pairing state which will allow us to address
the question of incommensuratespin uctuations seenat
low frequenciesand temperaturesin the cuprates. Let us
now proceedto considerthe e ect of giving a massto the
gauge uctuations. In the context of the spin correlations
consideredhere, we would thus expect the destruction of
the antiferromagnetic enhancemen below the massgap
and a resurfacing of the singlet character of the correla-
tions in the mean- eld sF (U1Cn01n) phase.

To implement the mass gap formation we take
the followj phenomenological form for the gauge
propagato

@= po— 99
YN & + m? &

The calculation then goes through as above (with one
subtlety in the analytic cortinuation discussedn the Ap-
pendix ) resulting in the following expressionfor the
staggeredcorrelation

ImhSg (!;9)Ss (! Q)i 0 (22)
= (17 @) mPeq? 19 cp— &
m
p
2 2
+ |2 qz m2 C, 5 ! q
where
32
" 32N

In Fig.[E] we show the resulting spectra with m =
20meV. Fig.[E] depicts the spectrum at the antiferro-
magnetic ordering wavevector Qar . As expected the
opening of the massgapin the gauge uctuations hasre-
stored the mean- eld result and consequetly suppressed
the antiferromagnetic enhancemenh seenin Fig.[ﬂ].

From this analyzeswe seethat the spin correlations
at low frequenciesare described by the underlying mean-
eld . In the above calculation we have assumedthat the
only e ect of the destruction of the masslesdJ(1) gauge
structure in the sF phaseis the formation of the U(1)
massgap which leavesthe underlying mean- eld correla-
tions in tact at low energies. On a more profound level
however the masslesqature of the U(1) gaugestructure
in the sF state is a manifestation of the U1Cn01n quan-
tum ordem presen in this state (seeintroduction and
section . Thus it is not possibleto simply break the
gaugestructure without a ecting the underlying mean-
eld ansatz aswe have assumedabove. If we reversethe
above logic, this implies that the low frequency spin cor-
relations which re ect the underlying mean- eld ansatz
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FIG. 5: Imaginary part of the spin susceptibility at Qar
where m = 20meV notice the recovery of the linear mean-
eld result below the massgap

can be used as an experimental probe into the corre-
sponding quantum order/gauge structure accomparying
the mean- eld correlations.

The ASL described by the sF (U1Cn01n) state may
changeinto seweral di erent statesat low temperatures.
The low energyspin correlation can havedi erent behav-
iors in those low temperature states. In the following, we
will discussone particular low temperature state to gain
some intuition on the behavior of the low energy spin
correlation in the low temperature phases.

Within the SU(2) slave boson theory, the mean-
eld phase which is energetically favored over the sk
(U1CO01n) phaseat, low temperatures is the so called d-
wave pairing state=1. In orderto keepthis sectionreason-
ably self corntained we would like to outline someof the
stepsleading to the mean- eld correlations discussedin
the following. As was merntioned above within the SU(2)
slave bosonformulation the physical electron operator is

represetied as:

=y
-<
1

Ci = ifri + byt

e BT

(23)
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by
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<
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where the following SU(2) doublets were intro duced

fu o fai he = by
fr ' i

The -i; 4 arethe twofermion elds represeting the
destruction of a spin up and spin down on site i respec-
tively and h; is the doublet of bosonic elds keepingtrack
of the doped holes. Putting this represemation into the
t-J Hamiltonian

H =
(i)

J(S S %ninj) t(d;cj + hc)

yields on performing a Hubbard-Stratonovich transfor-
mation to the appropriateé)osonic bond variables the
following partition function

z R
Z = DhDhD YD Da&DUe o (24)
J 1 X
L= 3  Trufyl+ 5 @y +JUy)
<ij > (B
X 1y v
+ i 5 i i+ hy h
X’I
+  h(@ )y +tUy h (25)

j
The ap uctuations incorporate the projection to the
spaceof SU(2) singlets within the above represeﬂntio&

for the electron operators (@. Furthermore note that
J'= 3J=8, t= t=2 and the matrix U; in the form

contains the Hubbard-Stratonovich elds which classify
the part of the phasediagram we are looking at. The
mean- eld phasediagram is found by minimizing the free
energyfor a given number of particles with respect to the
bond variables Uj .

The d-wave pairing state can be represeted as

Uii+2 = S+t
l-Ji;i +y = 3 !
a3 6 0 (26)

The key di erence to the sF (ULCn01n) phaseis the
appearanceof a nite a3 which acts as a chemical poten-
tial for the spinons. Without this term the above ansatz



is SU(2)-gaugeequivalent to the sF (U1Cn01n) ansatzﬂ.
It is shown in Refﬂ that the appearanceof sud a chem-
ical potential term is not consistenn with the quantum
order of the sF (ULCn01n) phaseand hencesignals the
presenceof a di erent quantum order accomparying the
d-wave pairing state. It is precisely a nonzeroa$ which
givesrise to an anomalousfermion fermion pairing which
when combined with holon condensationleadsto the d-
wave superconducting state. As we shall seein the fol-
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lowing, a3 is alsoresponsible for the incommensuratespin
responseat the lowest frequenciesshifting the peak away
from Qar = (5 ).

Taking the above ansatz equation (E} we can calcu-
late the spin-spin correlations at mean- eld level (seeAp-
pendix E) to obtain for the imaginary part of the spin
correlation nearQar = ( ; )

Imhs* (' ;Qar t k)S ( Iy Qar k)l
1 q
= 12 (viki+ 2a3)2 vaks 12 (vky+ 2a3)2  V3k3+
64v; Vs (vt ky + 2ap) 2 ; (vi k1 + 2ap) 2K3
12 (vky 2a3)% Vik3 12 (vky 2ad)2 V3k3+
q
12 (ko +2a3)% VikZ 12 (vikp+ 2a3)2  VEki+
q
12 (viky 2a3)% wviki 12 (viky 2a3)2 v3k? (27)
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FIG. 6: Wave vector scanof “(k«;ky;! = 0:13). Notice the  FiG, 7: Wave vector scanof (ke ky:! = 0:13), k«:ky are

incommensurate pattern at Jow energy with amplitude peaks
shifted along the diagonals& (0;0) corresponds to Qar and
kx; ky are measuredin units of 1=a with a the lattice spacing

In Fig.[E] we plot the resulting spectrum for a fre-
quency ! < I, 94—§ \‘,’—f a3 where the intensity is
peaked around four points shifted diagonally away from
Qar - In cortrast to this in Fig.[lﬂ] we depict a scanfor
I > 1. the spectrum is peaked at four points shifted hor-
izontally ( i M ) where the ridges - growing
out perpendicular to the diagonals- overlap. is related

3
to a3 via a= "’3—0 with a the lattice spacing. It should
be noted that in the! ! 0 the peaksare always located

measuredin units of 1=a. With a3chosento give a= 0.1r.lL.u.
(2 =1rlu) E the value of ! ¢ issetby ! ¢ = 94—§ 2 aj.

Ve
To compare with experiments we have chosenthe values \‘,’—f =

1=7E9 which gives! . = 0:2]J. Notice how the overlapping
ridges lead to the horizontal incommensuration.

along the diagonal, as expected, for in this regime the
response is dominated by creation of particle hole pairs
connectingthe Fermi points. Interestingly for intermedi-
ate energiesthe peakintensity in the spectrum is shifted
horizontally away from Qar even without one dimen-
sional phenomenology



VI. APPLICA TION TO HIGH T

Before launching into a discussionof how the above
mentioned physicsembodied in the ASL might shedsome
light on the cuprate spin physicswe needto brie y digress
and establish somenomenclature. As we shall seein the
following eath experimerntal community hastheir own set
of pseudo/spin-pseudo-gapsand it is easyto get lost in
the confusing terminology. Here we adopt the following
corvertion:

pseudo-gafphasedenotesthe part in the cuprate phase
diagram whereangleresolved photoemissionexperiments
obsene a large gap in the single particle spectrum at
(:0)

The term spin-pseudo-gapwill be usedin conjunction
with the spectrum at the antiferromagnetic wavewvector
Qar = ( ; ) to denotethe frequency range of reduced
spectral weight below the peak above T, (which on cool-
ing below T, shifts to higher frequenciesand becomeghe
\resonance" - seediscussionbelow).

Over the yearsNMR and inelastic neutron scattering
(INS) have painted a very interesting picture for the spin
correlations in the cuprates starting with the discovery
of the by now famous 41meV \resonance" peak by J.
Rossat-Mignod et alB2 in the superconducting state of
near optimally doped YBCO. In addition to this reso-
nance mode which appears exclusiwely in the supercon-
ducting state there is now evidencefor precursory pil-
ing up of spectral weight in the energy region of the
\resonance" ewven in the normal state of underdoped
cuprates. The energy at which this enhancemenh occurs
in the normal state is sometimesrefe[redto asthe \spin-
pseudo-gap“energyby INS workers (henceour corven-
tion). From the perspective of spin uctuations INS is
clearly the most powerful probe giving both dynamical
and wavevector dependent information about the spec-
trum.

NMR on the other hand probes particular regionsin
wavewvector spacewith Knight shift probing the uniform
susceptibility -/ (q = 0;! 0) - and spin lattice re-
laxation rate probing 'm(q,ciuol)p 1 o Whereqeg, =
Qar and qo = 0 arethe characteristic wavevectors de-
termining the spin lattice relaxation at the planar C, and
O sitesrespectively. In addition to the above mertioned
\spin-pseudo-gap”, NMR hasidentied two characteris-
tic temperatures. Oneis the reduction of the Knight shift
below a temperature which we will denote by Ty which
indicates the loss of spectrum for (q = 0;! 0) be-
low this characteristic temperature. Furthermore there
is a secondlower scalewhich shows up in the spin lat-
tice relaxation rate for C, asa peakin %(T) which we
shall call Tr,. Notice that T, < Ty but both of these
temperatures are above the superconducting transition
temperature T in underdoped samples. From the per-
spective of mean- e|d theory it is impossibleto explain
these obsenations2d. Within the mean- eld picture the
reduction of the Knight shift below Ty can be related to
the reduction of spin uctuations on condensinginto the

11

50 w : ‘
é‘; ¢ 16 meV
% 12 meV
= <
- 40 o 8meV
5 =N +  5meV
E. 30 ,:;0
~— m
S %
< 20 'g:' nd:l':(')n
% A5 %n&
£ 107 + P
. + Pow o,
00 1 2 3 4

FIG. 8: Imaginary part of the spin susceptibility at Qar
taken from Sternlieb et al. Note the temperature dependence
of the Im for a xed ! convergesto a universal function of
T=! atlarge T.

spin singlet sector identi ed asthe sF (U1Cn01n) phase
above. However there is then no way to explain the dif-
ferencein the spin lattice relaxation rates obsened for
planar C, and O. Whereas%(T)cu i ncreaseswith de-

creasingtemperature betweenTy > T > Ty, %(T)o
reducesmonotonically below Ty .

Let us now discussthese interesting phenomenafrom
the point of view of the ASL physics described in t
previous part. As hasbeensuggestedby Kim and Le
the enhancemen of C, over O relaxations is expected
to depend on the inclusion of the gauge uctuations.
The rational for this suggestion arises from the fact
that C;, NMR probesq QaF - uctuations which
are strongly a ected by the gauge uctuations whereas
O NMR derivesits main cortributions fromq 0
which is protected from gauge uctuations by current
consenation. We have shavn above that this enhance-
ment indeed takes place with Im g, .11 o (See Fig.[E])
being strongly increased over the mean- eld behavior
which determinesthe spin uctuations at g = 0. Given
the di erent T- dependencefor the spin lattice relaxation
rates for temperatures Ty > T > Tr, it is thus natural
to identify this regim@With the ASL physics.

Sternlieb et al have performed tempera-
ture dependent neutron-scattering experimens on
YBayCy306:6(Tc = 53K) and found a universal
dependenceof

z

Im ()= Im (aq;!)da/ Im (Qae:!)  (28)

on the ratio ! =T above a temperature T 100K . Their
data (seeFig.[E]) suggestghat the temperature at which
this universal scaling appears increaseswith decreasing
energy In particular for I = 5meV the onset temper-
ature is T 100K . Below this characteristic temper-
ature (which again is well above T;) their data shows a
decreasean spectrum which they assaiate with the open-
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ing of a spin-pseudo-gapbelow ! ¢ 10meV. They also
point out that their data and the fact that the onset
temperature of scaling increaseswith decreasingprobe-
frequency are consistert with the anomalousbehavior of
T%(T)cu which probes ! 0 and increasesdown to
T=T;, 15K

As we argued above it is exactly the regimefor! > m
aaT OorT>Ty, at! 0 that we assaiate with the
ASL physics. Under the assumption of perfect scalingwe
canthus accoun for the di erence in %(T) betweenC,
and O quite naturally. From

1 X Im (q;!).
Tl—T/ !7]! I o (29)
q
P
where for Cy: ( Qar ) due to the form factor
whereasO probesthe uniform spin chtuations. In the
ASL we can for C, approximate q "“!(Aj” 0
Im(?¢”)j! 1 o Which via scaling results in
1 1 32
Tl—T(C“)/ 77 1 2 T 32 (30)

whereas T%T(T)o falls monotonically as T is reduced
following the uniform susceptibility (see Fig.[E[]). As
2 1 0 this is consisternt with the weak tempera-
ture dependenceseenby Sternlieb et al Fig.[ at large
T=!.

The ASL gets destroyed belonv the massgapenergy
scale which we assaiate with a temperature T,,. Be-
low this temperature scaleboth the C, and the O spin
lattice relaxation rates fall monotonically following the
sF-singlet correlations as T is reduced. This is seenin
experimerts (seeFig.[f]])

Thus we ass@iate the temperature Tr, 150K where
T%(T)cu shows the peak with Ty, the temperature be-
low which the masslessU(1) gaugestructure (and thus
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FIG. 10: Phase diagram implied by NMR experiments.

the underlying quantum order) becomeaunstable and un-
dergoes a \transition" (seediscussionat the end of this
section)

To summarizethe above comparisonbetweenthe ASL
and NMR experiments, we presen the phase diagram
Fig.[@]. Below the pseudo-gapscale Tyg,which we asso-
ciate with Ty, the oxygen 1=T; T starts to decreasedue
to the opening of the pseudo-gapassaiated with the spin
singlet formation. Howewer, the copper 1=T; T keepsin-
creasingastemperature decreasesdespite the small sin-
gle particle density of states in the pseudo-gapregime.
This strange behavior can be explained very well by the
ASL dueto the diverging AF spin uctuations at low en-
ergieseven in the presenceof the pseudo-gap.Below the
temperature Tr,, the U(1) gauge eld starts to gain a gap
and the enhancemen in the AF spin uctuations ceases
to exist. This causesthe copper 1=T; T to decreasewith
decreasingemperature following the expectedmean- eld
behavior. Thusthe ASL described by the sF state (or the
UlCnOlnstate) appearsbetweenT,, (assciated with the
experimental temperature scaleTr,) and T,q (assaiated
with the experimertal scaleTy ). Below T, the ASL will
changeinto another state whosenature will be discussed
later.

Let us now discussthe INS results which in their own
right paint a very interesting picture of the spin uctu-
ations in the cuprates. First we considerthe spectra at
the antiferromagnetic ordering wavewvector as a function
of temperature and energy Already well above the su-
perconducting transition in the normal state, INS data
show a markedincreasein spectral weight at a nite char-
acteristic frequency Espg and a reduced spectral weight
for I < Egpg ( the spin-pseudo-gapseeFig.[@] bottom
curve and compare Fig.[ﬂ]). On cooling below T, this
gap increasesin size and the correspnding peak shifts
to higher energiesas depicted in Fig.[@] where we have
added the two dashedlines to the data taken by Fong et
aled to guide the readerseye. From the perspective of the
ASL liquid the \normal state" above T correspnds to
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FIG. 12: The energy of the peakin the superconducting state
- also called the r esonanceenergy E;esonance  as a fungtipn of
T¢ in underdoped YB CO. Data taken from Dai et al&. By
extrapolating the linear relationship down to T¢ = 0 (dashed
line added as a guide) we extract an estimate for the mass
scalerelated to topological gauge uctuations

the phasewhere the gauge eld is in the massiwe phase
due g topological uctuations. From the data by Dai

et al seeFig.[@] we estimate the massscale (i.e. the

energy-gapscale)due to instantons to be of the order of
10 15meV which ties in nicely with the spin-pseudo-gap
scale 10meV estimated by Sternlieb.

The shift of this peak to higher energieson cooling
below T can be qualitativ ely understood as the cortri-
bution to the mass scale by condensedbosonsvia the
Anderson-Higgs medanism. This also explains the lin-
earrelationship betweenE; esonance (Where E;esonance de-
notes the energy of the peak intensity in the supercon-
ducting state) and T, (both being proportional to x - the
hole doping concerration) as obsened by Daiet al in
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FIG. 13: Contour plot of Im - notice the \spin-pseudo-
gap" at (q) = O Qar = ( =a; =a) for energies below
m = 20meV and the dispersion above m.

Energy (meV)

5] &
a
o 3 s) o
......... M T o
. 1 w
o ]
~ = ]
3
-
] o
S ¢ 1=
N O]
o .
o @ZD ..... E T
~ L —~
T> JRT o -
S [ ] 4 &5 =
i . <
~ NRLN
o P o e
N o
® 1 @
~
[=} ]
N - ]
1 °
-1~
......... INERREEEETI FEERREREN] FRRENL

FIG. 14: Spin excitation spectrum for odd (open symbols)
and even (closed circles) excitations at 5K. The open square
indicates the energy of the maximum of the odd susceptibil-
ity. The dotted lines correspond to the spin-wave dispersion
relation in the insulating antiferromagnetic state with J; =
120meV. This Fig is taken from Bourges et al?’

Fig.[12] for underdoped Y BCO. Furthermore we can ac-
court for the very di erent doping dependenceof the nor-
mal state maximum (determined by the instanton scale
with weak doping dependence)versusthe doping depen-
denceof Eesonance (determined by the condensedbosons
/ x) aswasstressedin arecert article by Ph. Bourges®

From this understanding of the ASL, we can con-
clude immediately that, Ty, the temperature of the spin-
pseudo-gapformation (and henceTy,) should be rather
insensitive to changesin doping. Contrast this with the
doping dependenceof Tyg the formation of the pseudo-



gap in the single particle spectrum which asx ! 0 will
get as large as the spin-wave band width, sincein that
limit the ASL will be described by the -ux phase.

Another interesting point to discuss about the INS
data is their momertum dependence.In Fig.[14] we shon
the data by Bourgeset al taken on YBa,C,306:5(T¢ =
52) which shaws the spin excitation spectrum for odd
(acoustic) and ewven (optical) excitations at high ener-
gies. The dotted lines correspnd to the spin-wave dis-
persionrelation in the insulating antiferromagnetic state.
The dispersive behavior compares nicely with Fig.[13]
the correlations in the ASL liquid above the massscale
m  20meV

So far we have argued for the strange phenomenology
of the pseudo-gapphaseto betied to the physicsembod-
ied in the ASL. It is howewer clear that the ASL physics
hasto give way to the superconducting state at low tem-
peratures. An important question is how this transition
happens. Let usthen brie y mertion three plausible sce-
narios for how the ASL goesover to the superconducting
state. In other words, we would like to understand how
the U(1) gauge eld gains a massterm which leadsto
the destruction of the ASL state.

In the rst picture the massof the U(1) gauge eld
is generated via con nement due to instantons. After
the opening of the energy gap, there is no residual un-
broken gauge structure left at low energies. Thus the
con nement can also be referredto asU(1) gaugestruc-
ture breaking down to Z;. (Z; gauge structure means
no gaugestructure.) In the con nement phase(i.e. after
the U(1) gauge eld is gapped), the spinonsand holons
recombine into electronswhich appear asthe relevant de-
greesof freedom at low energies. Thus we also call the
rst picture spin-charge reconbination. This in particu-
lar would suggestthe existenceof well de ned quasiparti-
clesat low energieqas probed by ARPES) evenabove the
superconducting transition temperature T,. (this should
also be accompaniedby T? resistancein d.c. conductiv-
ity). Furthermore the binding of spinonsand holons will
givesrise to Fermi arcs®

In the secondpicture, the U(1) gauge structure also
breaksdown to the Z; gaugestructure, but now via holon
condensation. In this case, T, = T, andthe ASL directly
transforms into the d-wave superconducting state. There
are no well de ned quasi particles above T.

A third scenario might be the breaking of the U(1)
gaugestructure down to a Z, gaugestructure via the con-
densation of spinon bi-linear terms which do not break
any symmetries?! (a Z, gaugestructure was also found
in a slave-fermiondescription of spin systemsvia the con-
densation of boson bi-linear terms which break 90 ro-
tation symmetry.#?> The Z, gaugestructure can also be
obtained via the condensation of bound states of dou-
ble vortices*3) The breaking from U(1) to Z, also re-
sults in a massfor the U(1) gauge eld and leadsto a
new Z, spin liquid. The transition to this new topo-
logical/quantum order®4! implies the appearanceof true
spin charge separation since the Z, gaugeinteraction is
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D SCspin

0 q 90° 0 q 90°
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FIG. 15: Minimal quasiparticle energy Emin along the line
in the direction. The left panel depicts the pseudo-gap
metallic state and shows a nite Fermi arc. The right panel is
for the superconducting state. In the superconducting state,
the quasiparticle may have four bands (instead of the usual
two for the BCS superconductor). For details, seé*.
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FIG. 16: Temperature evolution of (q;!) at the incom-
mensurate peak position for energies of 3 meV and 4.5
meV. Data is taken from Yamada et al.*® whose sample was
La1.85 Sro:15 Cy O4(Te = 37:3K ). Notice the spectrum devel-
ops a gap for the 3 meV caseon cooling below T,

only short ranged #4243 (Serthil experimert)

To determine which scenario actually applies to real
high T, samples,we needto rely on experimerts. In the
following we would lik eto arguethat experiments suggest
the rst scenarioasmost plausiblein the high T, samples.
The appearanceof Fermi arcsin the rst scenarioimplies
asmall energyscale scspin for the spin excitations as-
saciated with the superconducting state. (See Fig.[15])
Such a small energy scale was obsened in the experi-
ment of Ref. 45 (seeFig.[16]), where it was found that
the spin susceptibility (! ) decreasedelow T, only when
I < 4meV. This indicates that  scspin is assmall asa
fewmeV. Direct evidencefor Fermi arcscomesfrom their
obsenation in arecen photoemissionexperimert.“® The
expectedwell de ned electron-like quasiparticlesnearthe
Fermi arcs were also obsened.

VI'l. CONCLUSION AND OPEN QUESTIONS

In this paper we have given an accourt of the spin
correlations in the ASL phasethrough the calculation of
O(1=N) contributions depicted in Fig.[1]. It was shovn
how the gauge uctuations strongly enhancethe stag-
gered spin correlations leaving the uniform spin correla-



tion una ected. This result is very natural within this
gauge uctuation picture where the uniform spin corre-
lation is protected by current consenation and cannot
have any anomalousdimension. From this perspective it
is also easyto accourt for the qualitativ e dierent be-
haviors of planar C, and O spin lattice relaxation rates
seenin NMR experiments whereC, probesthe enhanced
staggeredcorrelations of the ASL down to a temperature
scaleTy, Tt,, wherethe C, 1=(T1T) peaks,which we
assaiate with the appearanceof an energy gap in the
gaugespectrum. What is really remarkable in the ASL
picture is that enhancedstaggeredspin correlations are
obtained while at the sametime having a small single
particle density of states within the pseudo-gapphase
without any ne tuning. As the doping x decreasesthe
pseudo-gapincreasesand, surprisingly, the staggeredspin
correlations also increase. This strange experimental be-
havior is explained naturally by the ASL picture.

It should be noted here that our ASL shaws qualita-
tiv e similarities with the quantum critical point scenario
of Refs. 6,47. Howewer aswasstressedn the paper,*’ the
appearanceof the pseudo-gapwhich they assaiate with
the suppressionof the spectral weight of spin waveschar-
acteristic of the quantum disordered(QD) regime should
aect the low frequency dynamics for both g = 0 and
g=( ; ). Within this framework it then seemshard to
accourt for the qualitativ edi erent behaviors seenat the
Cy and O sitesin NMR experiments. As we have stressed
many times within the ASL this di erence is protected by
the U(1) gaugestructure. Also, in our ASL approadc, we
do not assume,in cortrast to the quantum-critical-p oint
approad, any nearby symmetry breaking phaseand we
do not require any strongly uctuating order parameters

APPENDIX
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to give uscritical behavior. The ASL can by itself appear
asa stable quantum phase,or asa phasetransition point
between two states with new kinds of order - quantum
order. The two states can have the same symmetry and
no order parameters? Hence the ASL assaiated with
the transition betweenquantum orders can show scaling
properties divorcedfrom any critical point studied sofar.

From this perspective the ASL is just one of a whole
slew of possiblequantum orders characterized by a mass-
lessU(1) gauge eld coupledto masslesdirac fermions.
It is also clear that the destruction of the ASL via the
transition into a phasewith a massive U(1) gauge eld
(phenomenologically described above via the introduc-
tion of the mass-scalan) demandsa much more careful
analysisand highlights the main di cult y with the slave
bosonapproad to the tJ-model. Within this schemeit
currently seemdgo beimpossibleor at leastvery challeng-
ing to describe this energy/temperature regime around
m=T,, theoretically. The reasonfor that is related to
the need of introducing a scalewhich is not tied to bo-
soncondensationand hencedivorcedfrom the mean- eld
energiesand the correspnding degreesof freedom.

Through our examination of the experimental data,
we nd that the ASL, plus spin-charge recombination at
lower energies,provides a consistert and natural (with
no ne tuning) description of underdoped cuprate super-
conductors. This is the main result and the bottom line
of this paper.

We would like to thank P. A. Lee and M. Kastner for
many helpful discussions. W.R. would particularly like
to thank A. Seidel, for his mathematical insights. This
work is supported by NSF Grant No. DMR{01{3156 and
by NSF-MRSEC Grant No. DMR{98{08941.

IN THE CONTINUUM LIMIT

In this appendix we derive the expressionfor the spin operators near q = (0;0);( ; ) and ( ;0) in terms of the

spinon eld  de ned near the four nodesin momerntum space.
Let uslook at the staggeredcorrelation in detail.
1 X
SQ+a=3 fp a)-f(p+Q) (A1)
P
where Q = ( =a; =a) and we have suppressedhe frequencyindex. After introducing
1
fe  p5(f(@)+1(a+Q)
1
fo p5(f(a) f(a+Q) (A2)
the expressionfor the staggeredspin operator can be rewritten
1X o f
SQ+@=3  fp e @ (s i P (A3)
4 fo(p)

p
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n P P P ~ .
Splitting the sum b= o+t G+ ko whereQ = ( =2, =2) Q= ( =2; =2)yields
_ax h _ i o fe(k+ Q)
SQ+a) =gz Rk arQNfk 9+Q) =(s 12 o
1 X h 0 =~ 0 | . fe(k®+ Q))
2 § fk™ q+Q)fJ(k™ a+Q) ~(s i 2) £ (kO+ G) (A4)

Noting @ = Q + Q and using fe(p + Q) = fe(p) fo(p+ Q)= fo(p) wearrive at

1X h ' fek+ Q)
S = 27 fYk FY(K -
(Q+a) 2, ek g+ Q)fslk A+ Q) =5 ¢ | g
X
= 27k 91 4K (85)

k

where 1(k g)= fJ(k g+ Q); f¥(k g+ Q) andk is measuredaway from the node of type

1 Q= ( =2; =2). The remaining cortribution arisesfrom the other two nodesin the spectrum at ( =2; =2).
Following the samecalculation for the uniform correlation function

1 X
Sa)=3 tp a-fp) (A6)

P

we nd
1 X

S(a) = 5 ik q) 3~ 1(k) (A7)

k

with 1(k g)= fik g+ Q); fJ(k g+ Q) andk is measuredaway from the node of type

1 Q= ( =2; =2). As beforethe remaining cortribution arisesfrom the other two nodes.

The correlation near g = ( ;0) is obtained in a similar fashion the only di erence hereis that for this momertum
transfer the two types of nodes get mixed and hencewhen we split up the sum over momertum spacewe needto
considerall four nodessimultaneously. Under this proviso the calculation goesthrough asabove and we end up with

X
sQcta=3 (ko O ¢ =(K (18)
k

where
(k q)= fIk a+Qi); fik g+ Qi) fI(k g+ Qz)fi(k a+ Q2)
with Q= ( =2; =2)and Q, = ( =2; =2)

APPENDIX B: TW O-LOOP CALCULA TION OF SPIN CORRELA TION

We employ a four dimensional represemation of the Dirac algebraf ; g=2 (; = 0;1;2)in the main body
of the paperie Trl = 4. To perform the Tr over the spinor indices we needthe following identit y

Tr = Tr Tr + +

which can be simply derived from the Dirac algebraby commuting -matrices through and using the cyclic property
of the trace Tr. Using the above identit y we can simplify

z

Z " #
aay e ST daL 8l K (ko  k( & qa) -

2) (2)d N (p+ R)ZR2(R + )2R2jqj3
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to
[1(A)] = 6_4Z dk Z diq [R2p+K) qR+6 § 2(p+K) KRR+ 6K d
N 2) (@) (p+ R)2(R + g)2R4eP

and for diagram [1(C)] we obtain

(B2)

" #
2 ik © d'q 8 (p+ k) (ptk+q (k+q k (¢ qq)
[1(C)] = 3 g — (B3)
@)t @) N (p+ R)2(p+ R+ 6)%(K+ &) %R2jqj°
647 dik Z d’q F (&:R; p)
- . g — (B4)
N  (2) (2 ) (p+ R)2(p+ K+ 6)2(R + 6)2R?jq3
where
FgRp= K &K %R o’ + 2K o + R pg p %qu“ ¢+ (@ p)°
+ %(R+ o)° 26’k p+ p°R & 2R pa p %quz
1
t (R+p)° op a+r gk p S
#
142 22 1o
+ 29F pae p+t >8P
In both expressions(B2,B3) the integration over K is convergert in d = 3 and can be performed noting that
3
L L = (85)
~ (2 )°r2(R + p)2(K + §)2 Sipiiciie P
3
d°k 1 _ 1 1 1 (B6)

(2 )PR2(R+ p)2(R + §)2(R+ p+ )2 Belipie P jp o jg+ i

Thus after the K integration we arrive at

z
27 dig 2p g+ p? P & I
L= § (2 )4 jedip+ o jpefipt & 6 ®B7)

z

dlg 2 jsi FP+2 6§ _ 4p o’ + 2p° (88)
(2 )4 & jg° jeip+ed efip+rd p efipipt o

Z|

[1(C)] =
Adding the cortributions

47 d'q 2 4 P g e’ + 2p*
+ = — —

2 BWIFHON= N @) @ #ipra intiprd b ehipip+ (9)

As noted previously becauseof the p ¢ term in the denominator of the last term above we wont use dimensional
regularization. Therefore we setd = 3 and introduce an upper cut-o to regularize the above integrals. Also note
that we will neglectthe rst term in (B9) which is linearly divergen whoseappearanceis tight to the regularization
via a momertum cut-o ( sud divergencesdo not appear in Lorentz invariant regularization schemes).

Under this proviso we obtain the following result for the last three terms in (B9)

N 42 42 g 362 122 g2

where the last term (B9) is given by

L o,
4 %9 4m, ~, 3, I8 |n—+%(C1+C2)+g|n? (B10)

z .. |Z P _ 7 2 p #
P _oprr2pt W Ty 24y TFY oy, oy FrY np—Y 1 (g1
2 )3p efjpiipre 82 o "y I+y " I+y+'y 4 Ty I+y " T+y+1l
= B Ci+C+ 2 —2
= > 1 2 n (812)

8
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and 0
L2ty vy Py_
C; = i dyy,, = y|n,,1+ TPy 7:748128723
C, = 4|n(p§ 1)+ 4+ In(3 2'05)2 2In(3 2p§)+ 2In(3 zpé)péz 2:121475665

Finally extracting the logarithmically divergert terms we arrive at the result stated in the body of the text.

APPENDIX  C: ANAL YTIC CONTINUA TION OF 1=N CORRECTION

Having obtained the 1=N correction we would now like to reexponertiate our result in the form

b= 2 2
& 8 5 1=2 _ 32 (1)

p —

hSe (6)S 0= — = n — —_— = ——

S (q) S (Q)|0 16 12 2N qz n qz 16 q 3 2N
This howewver immediately confronts us with the problem that after analytically continuing (C1) the susceptibility
has the wrong sign for 2 > 1. It is howewver hard to understand why the spin operator cannot have an anomalous
dimension bigger than 1. In order to analyzethis issueit is helpful to look at the correspnding Euclidean real space

2
correlations. Let's take the caseof a generalstaggeredspin correlation of the form

. 1 C
hSs (%)Ss (0)i = 755( 1)ijj4 3 (C2)
where the spin operator has anomalousdimension . We now Fourier transform this to obtain
1., Y du _
gl msn (c3)
For0< jRe(2  2)j < 1 this can be evaluated*® to give
1
2 @ sin(C 1) et 2 (C4)

This leads after analytic cortinuation to the result equation(16). From hereit is easyto seehow the -function
and the sin which are missedin the naive exponertiation of the Euclidean momertum spaceresult conspireto give
the correct sign for the spin correlation no matter what the size of the anomalousdimension. In particular we can
continue the above for the case ! 0 to givethe correct mean- eld result.

APPENDIX D: TW O-LOOP CALCULA TION IN THE MASSIVE PHASE OF THE U(1) GA UGE FIELD

This appendix givessomedetails of the calculation leading to the O(1=N) correctionsto the staggeredspin corre-
lation in the casewhen the gauge eld is in the massiwe phasewith propagator

-8 aq
D (q)_N q2+m2 qz

We can usethe results derived in Appendix A for the integrals over K (B9) sincethey are una ected by the change
in the gaugepropagator. ) "
z
4 dd 4ipj + 2p*
AN+ UON= = ok p— _p P P S
(2)%  j& &+ m2p+q jpiiG €+ mip+e p e &+ m2pjip+ o
where we have neglectedthe linearly divergert term as discussedabove. After integration over gin d = 3 we arrive at

n

h [ - P h [
4 2'p 2 2 + m?2 1 -
N —  Ptm? om J—E’Jllnjwprmz+ pzz 5 22 (p°+ m?)>2 m® + (D2
. VAN p =
1+
+ J_pjzln_ — ZW J_pjz dyp_qzitnyzp Inp1+§+p;
1P m 0 y y+(m#)t 1+y
. Z 2 p
ﬂ ;Tdy fal 2+y |nn1+y 1
T |
2 py y+(j%)2p1+y I+y+1
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FIG. 17: Comparison betweenf 1 = 2jpj|n;Tng,f 2= 4j|s>jlnf|922—2 and the numeric evaluation of (D3) before analytic
JRI+  pe+m
continuation (m = 30).
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FIG. 18: Comparison between the analytically continued forms of f 1, f 2 and the numeric evaluation of (D3) after analytic
corntinuation (m = 30).

It is not hard to ched that in the limit jmﬂ I 0 the terms proportional to m cancel. In extracting the logarithmic
term we have to take a closerlook at the last term which can't be evaluated in a closedform. In Fig.(17) we compare
two di erent functional forms with the numeric evaluation of

5 2+
T dype—p
y v+ () 1+y

1
X ©3)

Note that there is virtually no di erence betweenf1 = ijjlnﬁ and f2 = 4jpjln—P——. Howevwer this

jpi+  p2+m2
comparisonhasto be takenwith a grain of salt aswe are still in Euclidean spacebut are interestedin the analytically
continued forms. In Fig.(18) we plot the analytically cortinued (ipg ! ! + i ) forms of the above functions. From
this comparisonit is now obvious that f 1 which has deweloped a pole at m is unsuitable asan approximation and we
take f 2 which ts the numerically integrated form quite well. Collecting the In-terms in (D2) we obtain

2 0@+ 1O = S (04)

Analytically continuing and combining with the mean- eld result (10) gives(22).
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APPENDIX E: LOW ENER GY EFFECTIVE THEOR Y FOR THE SUPER CONDUCTING STATE

Starting from the mean- eld Hamiltonian for the spinons

1X y X L1y
H=3 Ui+ ans i (E1)
[HR il
in the d-wave paired state
Uii+z = S+t
l-Ji;i+§> = 3 1
a3 6 0 (E2)
we obtain after Fourier transformation the following Lagrangian
h b 3 fo(a;t)
L= f2(a)ife( g ! @t (@) & E3
N C) L@ & g ) ()
(@) = 2F (codaa) + cofqya)) (q) = 2J°( cogqa) cogqya) (E4)
which results with
. 1 X,
STat)=5  fAkbdfe(k+ ailic+ L)
k;!k
1 X
S (at)=35  Fktf-(k+aite+!q) (ES)
k;!k
in
X e ()@ iy gt (k a)+rad (k) (k Q)

h i (E6)
e TER ) a) T+ ()2 (ke tPt (k@) rad)’+ (k)2
next we split P K= Qi+p whereQ; with i = 1:::4correspndsto ( =2; =2);( =2, =2);( =2; =2);( =2; =2)

in this order. To extract the correlationsnear Qar = ( ; ) wewrite q = Qar + K
Concertrating on one of the terms in the sum - e.g. about Q1 = ( =2; =2) we can expand

N

" (a;!)S ( g; !)i=

p p- + ¥
(Qi1+p) vipr (Q1+p) Vop V¢ 223 v, 220 m gpé_py P2 _%é_py (E7)

to obtain

hs* (QAF + Kk;! )S ( Qar R; ')I

_ 1 X h iy vipr &3 ihe e vi(pr ki) a3 + vopava(p2 ko) ’
Your, 1EHpt @) H VB (L LOTH (v k)t @) VB ko)’
1 X
+ i _ (E8)
Qi;l pii=2::4
Note k; &p}ﬂ k2 —ké%—ky Now we approximate the sumsby integrals and de ne
PL Vipitay P2 Vape
ki viky+ 288 ko voka
which allows us to rewrite the rst term in (E8)
1Z d3 p p k +ipy! il pk
P T (E9)
A 3 2
4 (2 )Yvivp p2 p K
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Using the Feynmantrick or otherwise it is not hard to corvince oneselfthat the last two terms cancelead other and

the nal resultis

1

64v; Vo

12+ k2 + k3

(E10)

Combining all four cortributions from the four nodesin this way and translating the k's badk to the K's which measure
momertum along the ab axis away from Qar we obtain after analytic cortin uation

ImhS* (! ;Qar + R)S ( !;

64v1f Vo 12 (v kg + 289)°
12 (viky 2ad)?
12 (vikp + 2a3)2
12 (ko 2a3)?
“ kxp+§ky " Rﬁ; Ry v

the result stated in the main body of the paper.

Qar

vaks 12
2,2
VK3
2,2
VoK1

2,2
1%

p

2

2a] v, 2

R)i
q

(viky + 283)2  v3K3+

q

12 (vikg vZk3 +

2a3)?
12 (vikp + 2a3)2

q

212
V5Ki +

q

12 (viky 2a3)2 V3K? (E11)
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