
Gapless boundary excitations in the quantum

Hall states and in the chiral spin states *

X.G. Wen

Institute for Theoretical Physics

University of California

Santa Barbara, California 93106

ABSTRACT: Using the gauge invariances, we show that the (fractional and integral)

Quantum Hall (QH) states and the chiral spin states must have gapless boundary exci-

tations. The dynamical properties of those gapless excitations are studied. Under some

general assumptions, the gapless excitations are shown to form a representation of the

U(1) or SU(2) Kac-Moody algebras and to contribute to a specific heat with a linear tem-

perature dependence. The low energy effective theories for those gapless excitations are

derived. The quantum numbers of the gapless boundary excitations are also discussed. In

particular, the charge zero sector of the low lying boundary excitations in the fractional QH

states are shown to be described by the charge zero sector of free fermions with fractional

charges.
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I. INTRODUCTION

Recently it is shown that a rigid state (a state with no gapless quasi-particle excitations)
may have many non-trivial properties even at energies below the energy gap.1,2,3 Although
there are no particle-like local excitations at those energies, global excitations may exist.
The global excitations appear in the form of ground state degeneracies. The ground state
degeneracies may depend on the topologies of the compactified spaces. In this case we
say that the rigid state contains non-trivial topological orders. The Fractional Quantum
Hall (FQH) states and the recently proposed chiral spin states4,5 are two examples of
topologically ordered states.1,2,3 Characterization of the topological orders is discussed in
Ref. 1 and 2. The topological order can be partially characterized by the ground state
degeneracies of the rigid state on compactified spaces. It can also be characterized more
completely by non-Abelian Berry’s phases generated by a family of twisted Hamiltonians.
Arovas and Haldane6 recently introduce a spin twist operation to spin Hamiltonians. The
spin twist is used to probe the topological structures in the ground states of a spin system.
They show that the topological structures in the spin liquid states can be (partially)
characterized by the Chern number associated with a family of the spin-twisted ground
states.

In Ref. 1,2,3 and 6, the topologically ordered states are studied on the compactified
space. However, experimentally, it is very difficult to compactify a two dimensional lattice
into, say, a torus. The results in Ref. 1,2,3 and 6 probably can only be tested by numerical
simulations on computers. In this paper we are going to study the FQH states and the
chiral spin states on spaces with boundaries. We will show that the FQH states and the
chiral spin states have gapless boundary excitations. In the FQH states the neutral gapless
boundary excitations are described by the charge zero sector of free (chiral) fermion theories
which in general contain several branches of fermions. The fermions in each branch carry
electrical charges qI satisfying

∑

I

cI

|cI |
q2
I = (σxy − σ′xy)h = (ν − ν′)e2 (1)

where σxy and σ′xy (ν and ν′) are the Hall conductances (the filling fractions) on the two
sides of the boundary, I labels different kinds of the (chiral) fermions and cI is the velocity
of the fermions. The vacuum has σxy = ν = 0. In the chiral spin state, the gapless
boundary excitations are shown to form a representation of several independent SU(2)
Kac-Moody algebras.7 The levels lI of those Kac-Moody algebras satisfy

∑

I

cI

|cI |
lI =

(k − k′)
2

(2)

where k and k′ are the levels of the chiral spin states on the two sides of the boundary. The
vacuum has k = 0. The above results are the consequences of the U(1) gauge invariance
of the electromagnetic field and the SU(2) gauge invariance of the spin twist introduced
by Arovas and Haldane.6

Halperin7 has studied the boundary excitations of the integral quantum Hall (IQH)
states and found gapless boundary excitations. He shows that the boundary excitations
remain gapless even in presence of weak random potentials. Our results are generalizations
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of Halperin’s results to the FQH states and the chiral spin states. We would like to
emphasize that Halperin’s results can be obtained by perturbing around a free electron
system. However the electrons in the FQH states and the chiral spin states are strongly
correlated. In this case it is even not clear whether the boundary excitations are described
by the Fermi liquid theory or not, especially after knowing that the boundary excitations
may carry fractional charges. New approach is needed to study the boundary excitations
of a strongly correlated electron system. In this paper we will use the gauge invariance
and the locality of the theory to study some general dynamical properties of the boundary
excitations in the FQH states and in the chiral spin states.

The paper is arranged as the following. In Section 2 we study the dynamics of the
boundary excitations in the FQH states. The gapless boundary excitations are shown to be
described by the U(1) Kac-Moody algebras. The U(1) Kac-Moody algebras are equivalent
to the charge zero sector of free (chiral) fermions. (The charge zero sector is formed by
states with zero total charge. Those states correspond to particle-hole excitations.) Thus
the neutral boundary excited states in the FQH states can be described by the charge
zero sector of the Fermi liquid theory. However, as required by the gauge invariance, the
fermions in such Fermi liquids must carry fractional charges which satisfy the sum role (1).
In Section 3 we review the Arovas and Haldane’s spin twist and the associated SU(2) gauge
symmetry. The boundary excitations of the chiral spin states are shown to be described
by the SU(2) Kac-Moody algebras. Those boundary excitations carry non-zero spins. In
Section 4 we study the stability of the gapless boundary excitations. We conclude the
paper in Section 5.

II. BOUNDARY EXCITATIONS IN THE FQH STATES

Following Ref. 8 and 9 we can give a simple argument that the FQH states must
have gapless boundary excitations. Consider a QH state with a filling fraction ν on an
annulus with inner radius r1 and outer radius r2 (Fig. 1). Adding a unit flux quantum
Φ0 = hc/e to the hole moves νe = σxy

h
e amount charge from, say, the inner boundary to

the outer boundary. The work required to add a unit flux is zero in the thermodynamic
limit (r1 → ∞, r2 → ∞). Therefore the boundary excitation which transfers νe charge
from one boundary to another is gapless.

The existence of gapless boundary excitations is a simple and almost trivial consequence
of the gauge invariance. However, the more important questions are what are the dynamics
and the quantum numbers of the gapless boundary excitations. Experimental tests of the
gapless excitations rely on those properties. The main purpose of this paper is to determine
the dynamics and the quantum numbers of the gapless excitations. In this section we will
concentrate on the FQH states (and the IQH states). In Section 3 we will use the Arovas
and Haldane’s spin twist to study the chiral spin states.

Assume that a two-dimensional electron system demonstrates the FQH effect (or the
IQH effect) in a background magnetic field Āi (Ā0 = 0) with a Hall conductance σxy = ν e2

h .
After integrating out the electrons, we obtain an effective Lagrangian

Leff =
νe2

4π
δAµ∂νδAλεµνλ +

1
4g2

1
(δF0i)

2 − 1
4g2

2
(δF12)2 + . . . (3)
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where δAµ = Aµ− Āµ and δFµν = ∂µδAν + ∂νδAµ is the field strength. The coefficient of
the Chern-Simons term δAµ∂νδAλεµνλ is given by the quantized Hall conductance.

On a compactified space, the action Sbulk =
∫

d3xLeff(δAµ) is invariant under the
gauge transformation. However, on a space with boundary, say, a disc D, Sbulk is not
invariant:

Sbulk(δAµ + ∂µf(x))− Sbulk(δAµ) =
∫

dx0dσ
νe2

4π
f δFσ0 (4)

where σ parametrizes the boundary of the disc. Because the microscopic theory is gauge
invariant, (4) implies that Sbulk is not the complete action of the FQH states on the disc.
Since the change in Sbulk is just a boundary term, the total gauge invariant effective action
may be obtained by including a boundary action associated with the boundary excitations
Stot = Sbulk + Sbd. Under the gauge transformation Sbd should transform as

Sbd(δAµ + ∂µf)− Sbd(δAµ) = −
∫

dx0dσ
νe2

4π
fδFσ0 (5)

so that Stot is gauge invariant. The boundary effective action satisfying (5) has a form:

Sbd =
∫

dtdσdt′dσ′1
2
δAα(t, σ)Kαβ(t− t′, σ − σ′)δAβ(t′, σ′) (6)

where α, β = 0, σ and t = x0. Kαβ is the current-current correlation function of the
boundary excitations Kαβ(t, σ) = i〈0|T (jα(t, σ)jβ(0, 0))|0〉, which satisfies (in k-space)

−kαKαβ =
νe2

4π
εαβkα

Kαβ(kα) = Kβα(−kα) = Kαβ∗(−kα)
(7)

where k0 = ω is the frequency, kσ = k = 2πn
L is the momentum in σ direction, and L

is the length of the boundary. We see that the complete action of the FQH states on a
disc is given by Sbulk describing the bulk excitations plus Sbd describing the boundary
excitations. Sbulk and Sbd separately are not gauge invariant. But the total action Stot is
gauge invariant.

The effective action (6) is obtained by integrating out boundary excitations. The
current-current correlation function of those boundary excitations should satisfy (7) in
order for the total action Stot to be gauge invariant. In the following we would like to use
(7) to study the dynamical properties of the low lying boundary excitations. We will show
that the boundary excitations are described by chiral Kac-Moody current algebras.

In field theory the relation between three dimensional Chern-Simons theories and two
dimensional chiral conformal theories was first pointed out by Witten.10 The mathematical
formalism and the ideas behind our calculations are similar and motivated from those
in Ref. 10. However the physical problem studied in this paper has some fundamental
differences than that in Ref. 10. A) The gauge fields in our problem are background
fields. They do not fluctuate and have no dynamics. While the gauge fields in Ref. 10
are dynamical fluctuating fields. The gapless boundary excitations in our theory come
from electrons. Those excitations exist even when the gauge fields are fixed. The gapless
boundary excitations in the FQH states may have several branches even when we have only
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one gauge field. The two dimensional conformal theories studied Ref. 10 come from the
dynamics of the gauge fields. Each gauge fields only give rise to one Kac-Moody algebra.
B) Although the Hilbert space of the low lying boundary excitations in our problem can be
shown to form a representation of the Kac-Moody algebra, the Hamiltonian which governs
the dynamics of the boundary excitations does not respect conformal symmetry. The
Hamiltonian even does not have Lorentz symmetry since different edge branches in general
have different velocities. The theories studied in Ref. 10 all respect conformal symmetries.
One must be careful about which results in Ref. 10 are related to QH states and chiral spin
states and which are not. Our approach is also closely related to that in Ref. 11 where
the relation between the gauge anomaly in 2N dimensions and the Chern-Simons term in
2N + 1 dimensions are studied.

In this paper one of the main problems concerning us is the following: without knowing
the symmetry of the electron Hamiltonian we would like to obtain, as much as possible,
the dynamical properties of the boundary excitations from the gauge invariance and the
locality of the theory. It is well known in field theory that the gauge anomaly (4) can be
cancelled by chiral fermions on the boundary. What we try to do here is the reverse. We
would like to show that in order to cancel the anomaly, the boundary excitations must
be described by chiral fermions (or more precisely, chiral U(1) Kac-Moody algebras). Our
derivation is not completely general. It depends on some weak assumptions which will be
summaried at the end of this section.

The current-current correlation Kαβ can be written as

Kαβ(t, σ) = i
∑

n,k

eiωnk|t|
[
e−ikσ〈0|jα(t, σ)|k; n〉〈k; n|jβ(0)|0〉θ(t)

+ eikσ〈0|jβ(0)|k; n〉〈k; n|jα(t, σ)|0〉θ(−t)
]

(8)

where ωnk is the energy of the state |k; n〉 . In the k-space

Kαβ(ω, k) = L
∑
n

fα∗
n,kf

β
n,k

ω − ωn,k + iδ
−

f
β∗
n,−kfα

n,−k

ω + ωn,−k − iδ
(9)

where δ = 0+ and
fα
nk ≡ 〈k; n|jα(t = 0, σ = 0)|0〉. (10)

Assume all the boundary excitations have finite energy gap ωn,k ≥ ∆ > 0, then
Kα,β(ω, k) is a smooth function of ω near ω = 0. If we further assume that the theory
is local, Kαβ(ω, k) should be a smooth function of k near k = 0 (e.g., Kαβ(ω, k) can not

behave like Fαβ(ω)
k near k = 0). However one can easily check that a smooth function of

ω and k (near ω = 0 and k = 0) can never satisfy (7). Therefore, for local theories, the
condition (7) implies the existence of gapless boundary excitations.

Let us assume the boundary excitations have many branches labeled by I and Kαβ

have poles at ω = cIk where cI is the velocity of the Ith branch. In this case (9) can be
rewritten as (for small (ω, k))

Kαβ(ω, k) =
∑

I


 γ

αβ
I,k

ω − cIk + iδ
−

γ
βα
I,−k

ω − cIk − iδ


 + P (ω, k) (11)
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where P (ω, k) is a polynomial of ω and k which comes from the gapful excitations. Note
that γ

αβ
I,k is non-zero only when cIk ≥ 0. This is because the excited states always have

positive energies and there are no states with ωnI ,k = cIk < 0. Plugging (11) into (7) and

using the fact that γ
αβ
I,k only depend on k, we find that Kαβ must have a form (up to a

polynomial in ω and k)

Kαβ =





−∑
I

kηI

ω−cIk
, (α, β) = (0, 0)

−1
2

∑
I

ω+cIk
ω−cIk

ηI , (α, β) = (σ, 0), (0, σ)
−∑

I
cIωηI

ω−cIk
, (α, β) = (σ, σ)

(12)

for small ω and k, where
∑

I

ηI =
νe2

2π
. (13)

From (11), (12) and the fact that γ00
I,k ≥ 0, we find that cIηI < 0.

Each term in the summations in (12) arises from gapless boundary excitations with
velocity cI . It is convenient to write the current jα as a summation of jα

I :

jα =
∑

I

jα
I (14)

such that

K
αβ
IJ ≡ 〈jα

I j
β
J 〉 = δIJ





− kηI

ω−cIk
, (α, β) = (0, 0)

−1
2

ω+cIk
ω−cIk

ηI , (α, β) = (σ, 0), (0, σ)
− cIωηI

ω−cIk
, (α, β) = (σ, σ)

(15)

Therefore jα
I is associated with the gapless excitations with velocity cI . jα

I,k generates a
state with an energy ωk = cIk:

Hjα
I,k|0〉 = cIkjα

I,k|0〉 (16)

where jα
I,k =

∫
dσ 1√

L
eiσkjα

I (σ). From (15) we can obtain the vacuum expectation values
of the commutator We find that

〈0|
[
j+
I,k′, j

+
J,k

]
|0〉 = |ηI |kδk+k′δIJ

〈0|
[
j−I,k′, j

+
J,k

]
|0〉 = 〈0|

[
j−I,k′ , j

−
J,k

]
|0〉 = 0.

(17)

where j±I = 1
2(j0 ± 1

cI
jσ).

Under certain assumptions (e.g., the locality of the theory) we can further show that
(see appendix) (16) and (17) imply the operator equations

[
H, jα

I,k

]
= cIkjα

I,k (18)
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and [
j+
I,k′ , j

+
J,k

]
= |ηI |kδk+k′δIJ[

j+
I,k′ , j

−
J,k

]
=

[
j−I,k′, j

−
J,k

]
= 0

(19)

in the subspace of states with small momentum k (kξ ¿ 1, where ξ is the magnetic
length) and in the limit L → ∞. Therefore the low lying boundary excitations form
a representation of several independent chiral U(1) Kac-Moody algebras.12 The current
algebra (19) determines the Hilbert space and (18) determines the dynamics of the low
lying boundary excitations.

The properties of Kac-Moody algebra (19) is well known.12 For completeness we will
give a brief review. A single copy of chiral U(1) Kac-Moody algebra is given by the
following current algebra: [

j+
k′ , j

+
k

]
= |η|kδk+k′[

j+
k′ , j

−
k

]
=

[
j−k′ , j

−
k

]
= 0[

H, j±k
]

= ckj±k

(20)

(20) corresponds to a half of the Tomonaga model with fermions moving only in one
direction.12 An irreducible representation of the above algebra can be obtained from the
vacuum state |0〉 satisfying

j+
k |0〉 = 0

∣∣∣
ck≤0

j−k |0〉 = 0
∣∣∣∀k

(21)

(Note if j+
k |0〉 6= 0 and ck < 0, the state j+

k |0〉 would have negative energy.) The Hilbert
space (denoted as H0) of the irreducible representation is generated from the vacuum
state |0〉 by the operators j+

k with ck > 0. Within the Hilbert space H0, the operator
j−k = 0 (this can also be obtained from the current conservation law ∂0j

0 + ∂σjσ = 0).
From (20) and (21) we see that the pair (j+

k , j+
−k) generates a harmonic oscillator with

frequency ωk = |ck|. Because (j+
k , j+

−k) and (j+
k′ , j

+
−k′) commute if k 6= k′, the Hilbert

space H0 of the irreducible representation is a direct product of the Fock spaces of the
harmonic oscillators generated by (j+

k , j+
−k). The specific heat coming from these low lying

excitations is C = π
6

T
c L.

We would like to emphasize that the arguments in Ref. 9,8 only show the existence
of gapless excitations. This by no means implies that the specific heat has a linear tem-
perature (T ) dependence, since the specific heat depends on the number of states at low
energies. However, if the theory is local, one can show that the number of states at low
energies is such that the specific heat from the gapless excitations with finite velocity is
linear in T .

For a generic situation, the low lying boundary excitations may form a representation
of several independent U(1) Kac-Moody algebras (19). The specific heat in this case is
given by C =

∑
I

π
6

T
cI

L. The above is the bosonic construction of the boundary states.
Due to the boson-fermion equivalence in 1+1 dimensions, the representation of (19) can
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be constructed from a fermion theory13

Sbd =
∫

dx0dσ
∑

I

iψ
†
I [(∂0 + iqIδA0) + cI(∂σ + iqIδAσ)] ψI (22)

where ψI are the chiral fermion fields. One can show explicitly that the electric current in
(22), (j0

I , jσ
I ) = (qIψ

†
IψI , cIqIψ

†
IψI), obey the Kac-Moody algebra (19) with the “central

charge”

|ηI | =
q2
I

2π
. (23)

One can also show that the current-current correlation of (22) is given by (12) through a
direct calculation of the diagram in Fig. 2. Thus (13) implies that the electric charge qI
of the boundary excitations satisfy

∑
a

cI

|cI |
q2
I = νe2 (24)

It has been shown that the charge zero states of (22) form the irreducible representation
of the Kac-Moody algebra (19).12

The above results can be easily generalized to the boundaries which separate two
quantum Hall states with the Hall conductances σxy and σ′xy. In this case (24) is replaced
by (1).

We would like to remark that in the above we only show that the charge zero sector
of the boundary excitations is described by the charge zero sector of (22). We did not say
any thing about the charged excited states. The charged excited states on the boundary
of the FQH states may not be described by the charged excited states in (22). Especially
the total charge of a boundary excited state may not be a multiple of qI . In fact one can
write down one dimensional models12 which form a representation of the U(1) Kac-Moody
algebra (20) with central charge |η| = q2/2π. But the total charges of the charged excited
states in the models are not multiples of q. Thus (22) should be used with caution.

In this paper when we speak of charge of the boundary excitations, we realy mean the
charge measured by the current correlation function (see (23)). Such a charge will be called
optical charge. The total charges of boundary excited states are not necessarily multiples
of the optical charge (measured by the current correlation function). The sum rule (1) is
realy satisfied by the optical charges of the boundary excitations.

We would like to emphasize that the results in this section (and in Section 3) rely on
two assumptions:

A) The states generated by the current jα have discrete velocities in the low energy limit.
The energies and the momenta (ω, k) of the states generated by jα lie within the shaded
region in Fig. 3a. Our results do not apply to the situations where the states generated
by jα have a continuous distribution of velocities (Fig. 3b). Our assumption would be
reasonable if we could show that for a generic interacting theory the velocities of the
states generated by jα would in general discretize in the infrared limit. Although we
are unable to show correctness of the above conjecture here, we do have an example
which supports the conjecture. The example is an one dimensional boson system. For
free bosons, the low lying excitations (generated by jα) have a continuous distribution
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of velocities. However, after we turn on the interactions between bosons, the low lying
excitations of the system are phonons with discrete velocities ±c.

B) The total current jα can be written as a sum (14) and the current operator jα
I generat-

ing the states with velocity cI is a local operator. Notice that the operator jα
I generates

a pair of the quasi-particle and the quasi-hole. Although the operator creates a single
quasi-particle (or quasi-hole) must be non-local in terms of the original electron opera-
tors (since the quasi-particles carry fractional charges), the current operator may still
be a local operator.

III. BOUNDARY EXCITATIONS OF THE CHIRAL SPIN STATES

Now let us consider the boundary excitations of the chiral spin states. First we would
like to review Arovas and Haldane’s spin twist6 in terms of the mean field theory of the
chiral spin states. 4

The spin twist is introduced by generalizing the Heisenberg model to

H =
∑

Jij
~Si · Uij · ~Sj +

∑
Aa

0(i)S
a
i (25)

a = 1, 2, 3

where Uij is a 3× 3 matrix

Uij = eiAa
ijT

a

, Aa
ij = −Aa

ji, a = 1, 2, 3 (26)

and T a are the generators of SO(3) Lie algebra satisfying

[T a, T b] = iεabcT c (27)

(25) can be put into a Lagrangian form with the help of electron operator c =
(

c1
c2

)
:

L =− i
∑

c
†
i

(
∂t + i

1
2
Aa

0σ
a
)

ci −
∑

Jij

(
c
†
ie

i1
2Aa

ijσ
a

cj

)(
c
†
je

i1
2Aa

jiσ
a

ci

)

−
∑

λi(c
†
ici − 1) (28)

where λi is the Lagrange multiplier to enforce the constraint c
†
ici = 1 and the spin ~S

is related to the electron operator c by ~S = 1
2c†~σc. The partition function of (28) is a

functional of Aa
0(i) and Aa

ij :

Z(Aa
0, A

a
ij) =

∫
Dc†DcDλei

∫
L(c,Aa,λ)dt

≡ eiS0(Aa
0 ,Aa

ij). (29)
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Because L in (28) is invariant under the SU(2) gauge transformation

ci → c′i = Uici (30)
1
2
Aa

0(i)σ
a → 1

2
Aa

0
′(i)σa =

1
2
UiA

a
0(i)σ

aU
†
i − iUi∂tU

†
i (31)

ei1
2Aa

ijσ
a → ei1

2Aa
ij
′σa

= Uie
i 1
2Aa

ijσ
a

U
†
j (32)

the effective action S0(Aa) in (29) should also respect the gauge symmetry (31), (32).

The mean field Lagrangian of the chiral spin states is obtained from (28) by replacing4

c
†
ie

i 1
2Aa

ijσ
a

cj by χjie
iaji and λi by λ̄ + a0:

Lmean =
∑

−ic
†
i

(
∂t + ia0 + i

1
2
Aa

0σ
a
)

ci −
∑

λ̄c
†
ici −

∑
Jijχijc

†
ie

i 1
2Aa

ijσ
a+iaijcj (33)

aij and a0 are fluctuations around the mean field solution λ̄ and χij . After integrating
out electron field c, we obtain the effective Lagrangian of the chiral spin states Leff(a,Aa).
The effective Lagrangian Leff(a,Aa = 0) is calculated in Ref. 4. Notice that when only
A3 6= 0 the spin up and spin down electrons in (33) decouple. Generalizing the calculation
in Ref. 4 and using the SU(2) gauge symmetry we obtain

Leff(aµ, Aµ) =
k

4π
aµ∂νaλεµνλ +

k

8π
Tr

(
Aµ∂νAλ +

2
3
AµAνAλ

)
εµνλ (34)

where Aµ is a 2× 2 matrix: Aµ = 1
2Aa

µσa and k is an integer called the level of the chiral
spin states. (34) indicates that the level of a chiral spin state can be measured by using
the spin twist.

Strictly speaking the effective action

Seff [aµ, Aµ] =
∫

d3xLeff(aµ, Aµ) (35)

is invariant under the gauge transformation

Aµ → UAµU† − iU∂µU† ≡ AU
µ (36)

only when the space is compact and k is an even integer.14 From this we obtain an impor-
tant result that the spin singlet chiral spin states always have even levels.

On a space with boundary, say, a disc D, the action S0[Aµ] is not gauge invariant:

S0[AU
µ ]− S0[Aµ] '

∫
dtdσ

k

4π
Tr Λ∂αAβεαβ

U = eiΛ. (37)

We have assumed that Λ and Aµ are small and only kept the term linear in Λ and Aµ.
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Let us introduce the SU(2) boundary current Jaα which couples to the SU(2) gauge
field through Aa

αJaα. Using a similar approach used in section 2, we may write the SU(2)
current of the boundary excitations as

Jaα =
∑

I

jaα
I , (38)

where jαa
I generates boundary states with velocity cI and a = 1, 2, 3 is the SU(2) vector

indices. Notice that within linear response theory, Aa
α in (37) correspond to three indepen-

dent U(1) gauge field. In this case we may repeat the analysis in section 2 to determine
the current correlation function on the edge. We find that in order for the boundary ex-
citations to restore the SU(2) gauge invariance of the total action, the boundary currents
jαa
I must satisfy

〈0|
[
ja+
I,k′, j

b+
J,k

]
|0〉 =

lI
4π

δIJδabkδk+k′

〈0|
[
ja+
I,k′, j

b−
J,k

]
|0〉 = 〈0|

[
ja−
I,k′ , j

b−
J,k

]
|0〉 = 0

(39)

where
ja±
I,k = ja0

I,k ±
1
cI

jaσ
I,k

and jaα
I,k =

∫
dσ 1√

L
eiσkjaα

I (σ). lI in (39) must satisfy

∑

I

lI
cI

|cI |
=

1
2
k (40)

such that the boundary excitations may cancel the gauge non-invariance (37). k in (40)
is the coefficient of the Chern-Simons term in ( ¿¿3.11¡¡) (i.e., the level of the chiral spin
state). Assuming the currents j±a

I (σ) are local operators, we can show (see appendix) that
(40) implies an operator relation

[
ja+
I,k′ , j

b+
J,k

]
=

(
1√
L

εabcjc+
I,k+k′ +

lI
4π

kδk+k′δ
ab

)
δIJ

others = 0 (41)

where k = integer × 2π/L. Because ja±
I,k generates states with a fixed velocity cI we can

also show that [
H, ja±

I,k

]
= cIkja±

I,k (42)

(41) and (42) imply that the boundary SU(2) currents j±a
I generate several independent

SU(2) Kac-Moody algebras. The gapless boundary excitations form a representation of
those algebras. Notice that

√
Lja+

I,k=0 defined in (41) is the total spin operators which
satisfy the SU(2) Lie algebra. lI is the level os the SU(2) Kac-Moody algebra which must
be an integer. Otherwise (41) has no unitary representations.7

It is well known in field theory that the Kac-Moody algebra (41) and (42) plus the
sum rule (40) are the sufficient condition for the boundary excitations to cancel the gauge
anomaly of the Chern-Simens term (34).11 What we have shown here is that (40), (41)
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and (42) are the necessary conditions to restore the gauge symmetry. We show that in
order to cancel the gauge anomaly of the Chern-Simons term, the boundary excitations
must form a representation of SU(2) Kac-Moody algebras. Our derivation does not rely
on any symmetries, in particular the conformal symmetry, of the Hamiltonian. However
our approach is not completely general. It relies on the two assumptions which will be
summarized at the end of the section 2.

Unlike the U(1) Kac-Moody algebra, the SU(2) algebra (41) and (42) describes an
interacting theory. However such a theory is still exactly soluble.7 The specific heat coming
from the excitations in a representation of the SU(2) Kac-Moody algebras (41) and (42)
is given by15

C = L
∑

I

πlI
2(lI + 2)

T

|cI |
. (43)

The levels lI of the Kac-Moody algebras should satisfy (40). For the boundary which
separates the different chiral spin states with levels k and k′, the levels of the Kac-Moody
algebras of the boundary excitations should satisfy (2).

Before ending this section we would like to discuss the level k = 2 chiral spin state
studied in Ref. 4 in more detail. From Ref. 4 we know that the mean field chiral spin state
is equivalent to the IQH state with the first Landau level filled by the spin up and the
spin down electrons, if we turn off the lattice. Using the results in Ref. 8 we find that the
boundary excitations of the mean field chiral spin state are described by the following free
fermion theory (in the long wave length limit)

L =
∑

λ=1,2

ψ
†
λi(∂0 − c∂σ)ψλ (44)

where the electron field
(

ψ1
ψ2

)
carries the spin 1

2 and the electric charge e. The excitations

described by (44) not only form a representation of the level 1 SU(2) Kac-Moody algebra
[
j+a
k , j+b

k′

]
=

1√
L

εabcj+c
k+k′ +

1
4π

kδk+k′δ
ab (45)

where j+a = ψ+
λ

(
σa

2

)
λλ′

ψλ′, they also form a representation of the U(1) Kac-Moody

algebra (20) with j+ = ψ+
λ ψλ. The boundary excitations described by (44) have strong

boundary charge fluctuations. The charge fluctuations are due to the gapless excitations
associated with the U(1) Kac-Moody algebra. We know that the charge fluctuations are
forbidden in the chiral spin state. The actual spin wave function of the chiral spin state
is obtained from the mean field wave function by doing the Gutzwiller projection. The
Gutzwiller projection removes all the (unphysical) charge fluctuations in the mean field
chiral spin state. Therefore in order to use (44) to describe the actual boundary excitations
of the chiral spin state we need to remove all the excitations associated with the charge
fluctuations or, equivalently, associated with the U(1) Kac-Moody algebra. Notice that
the Hilbert space of (44) can be written as a direct product of a representation of the
l = 1 SU(2) Kac-Moody algebra and a representation of the U(1) Kac-Moody algebra.16

The excitations of the SU(2) Kac-Moody algebra and the excitations of the U(1) Kac-
Moody algebra are independent. In this case the Gutzwiller projection can be performed
by simply dropping those excitations associated with the U(1) Kac-Moody algebra. After
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performing the Gutzwiller projection to the theory (44), we obtain a theory containing
only the SU(2) Kac-Moody algebra. Therefore the boundary excitations of the chiral spin
state are described by the level 1 SU(2) Kac-Moody algebra. They can not be described
by Fermi liquids of any spin.

We would like to mention that the low lying excitations in the one dimensional Heisen-
berg model are described by level one SU(2)× SU(2) Kac-Moody algebra, one SU(2) for
right moving excitations the other for left moving excitations. Thus the boundary excita-
tions of the level 2 chiral spin state are equivalent to the left (or right) moving excitations
in the Heisenberg spin chain.

According to the mean field theory of the chiral spin states,4 the total effective action
of the level 2 chiral spin state (on a space with boundary) is given by

Seff =
∫

dx3
[

k

4π
aµ∂νaλεµνλ +

k

8π
Tr

(
Aµ∂νAλ +

2
3
AµAνAλ

)
εµνλ

]

+
∫

dx0dσ
∑

λ,λ′=1,2

ψ
†
λ

[
(∂0δλλ′ + ia0δλλ′ + iA0,λλ′)− c(∂σδλλ′ + iaσδλλ′ + iAσ,λλ′)

]
ψλ′.

(46)
Note that the Aµ field in (46) is a fixed non-dynamical field representing the spin-spin
coupling constants in the twisted spin model. The Gutzwiller projection is realized in
the effective theory by integrating out the aµ gauge field in (46). One can show that the
gapless excitations associated with the U(1) Kac-Moody algebra are eaten by the gauge
field aµ and obtain a finite energy gap.17 The surviving low lying excitations only contain
the SU(2) algebra.

From the above discussions, we see that the (level 2) chiral spin state is closely related
to a IQH state with the first Landau level filled by spin up and spin down electrons.
However the two states have very different properties due to the Gutzwiller projection in
the chiral spin state. The boundary excitations of the chiral spin state are described by
the l = 1 SU(2) Kac-Moody algebra with specific heat C = πLT/6c. While the boundary
excitations in the QH state are described by two chiral fermions which form a U(1)×SU(2)
Kac-Moody algebra. The specific heat is given by C = 2πLT/6c. The modes associated
with the charge fluctuations (the U(1) algebra) is absent in the chiral spin state.

If the spin liquid state in the Cu-O planes of the high Tc superconductors is described
by, for example, the level 2 chiral spin state, our results imply that there may be a lot of
gapless spin excitations in the Cu-O planes even in the superconducting phase. This is
because the chiral spin state in the Cu-O planes in general has a domain structure. The
chiral spin state in some domains has k = +2 and in others has k = −2. There are two
gapless excitations on the boundaries (domain walls) which separates two domains with
k = +2 and k = −2. The two gapless excitations are described by two copies of the SU(2)
Kac-Moody algebra. These gapless excitations on the domain boundaries contribute to a
specific heat with a linear T dependence even in the superconducting state. The velocity
of the boundary excitations is expected to be of order of the spin wave velocity, which is
much less then typical Fermi velocities in metals. We would like to emphasize that the
two gapless excitations on the domain boundaries move in the same direction. In the next
section we will argue that the gaplessness of the boundary excitations is protected by the
topological order. Weak impurities and interplane interactions can not open a gap for
those gapless boundary excitations.
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IV. STABILITY OF THE GAPLESS BOUNDARY EXCITATIONS

The stability of the gapless edge excitations is guaranteed by the chiral property of the
edge excitations. When all the excitations move in the same direction there cannot be any
back scattering no matter what interactions the edge excitations may have. The lack of
the back scattering prevent the formation of the energy gap. The gaplessness of the edge
excitations is robust against weak perturbations.

To demonstrate the above point we would like to consider the following simple model

L = ψ
†
I [i (∂0 + iqIA0) + cI i(∂σ + iqIAσ)] ψI

+ ψ
†
J [i(∂0 + iqJA0) + cJ i(∂σ + iqJAσ)] ψJ

+ m(ψ†IψJ + ψ
†
JψI). (47)

m can be regarded as the effective “mass” term generated by the interactions. The mass
term is a relevant perturbation and has a potential to open an energy gap. In order for
the mass term to respect the gauge symmetry, ψI and ψJ must carry the same charge,
qI = qJ . Since the gauge field in (47) is fixed we may set A0 = Aσ = 0. The energy
spectrum is given by

ε±k =
cI + cJ

2
k ±

√(
cI − cJ

2

)2
k2 + m2. (48)

The spectrum ε±k is plotted in Fig. 4 and it has very different behavior for two cases,
cIcJ > 0 and cIcJ < 0. When cI and cJ have the same sign (i.e., ψI and ψJ are both
right movers or left movers), the mass term does not open an energy gap (Fig. 4a). Only
the Fermi momenta and the velocities of the low lying excitations are modified. When cI
and cJ have the opposite signs, the mass term does open an energy gap ∆ = 2m (Fig. 4b).

V. CONCLUSIONS

In this paper we have shown that the gapless boundary excitations of the QH states
and the chiral spin states form a representation of several (chiral) Kac-Moody algebras.
The Kac-Moody algebras with different velocities are shown to commute with each other.
Using the representation theory of the Kac-Moody algebras, we calculate the partition
functions of the gapless boundary excitations. The specific heats are found to have a linear
T dependence. The quantum numbers of the gapless boundary excitations are shown to
satisfy certain sum rules. We also argue that chiral gapless boundary excitations are stable
against small perturbations.

We would like to point out that the results in this paper do not depend on the details
of the Hamiltonian. We only require that the planar state has a finite energy gap and
the effective Lagrangian contains a Chern-Simons term. Many properties of the boundary
excitations can be determined from the gauge invariance and the locality of the theory.
Certainly some properties, like the velocities of the boundary excitations, remain undeter-
mined. They have to be calculated from the microscopic Hamiltonian. It seems to me that
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the number of the branches of the boundary excitations are closely related to the topolog-
ical orders in the FQH states and the chiral spin states. One may be able to determine
the number of the branches of the boundary excitations directly from ground degeneracies
and the non-Abelian Berry’s phases studied in Ref. 1,2,3.

The existence of the gapless boundary excitations is a characteristic property of the
FQH states and the chiral spin states. This property can be tested in experiments.18

Measuring the quantum numbers carried by the gapless boundary excitations could be a
powerful and practical way to probe the topological orders in the parent planar state.

I would like to thank D. Arovas, J. Cardy, F.D.M. Haldane, Q. Niu, V. Periwal and A.
Wixforth for many helpful discussions. Especially, I would thank D. Arovas and F.D.M.
Haldane for their explaining to me the properties of the spin twist operation and com-
municating their results prior publication. This research was supported in part by the
National Science Foundation under Grant No. PHY82-17853, supplemented by funds from
the National Aeronautics and Space Administration, at the University of California at
Santa Barbara.

Note added: After submitting this paper, I obtained a preprint by A. MacDonald19 in
which he also pointed out the existence of the gapless edge excitations in the FQH states.
I would like to thank S. Girvin for informing me the MacDonald’s paper.

Since Oct. 1989 many new results about the edge excitations in the FQH effects are
obtained based on the Kac-Moody algebra approach. In particular we have a very good
qualitative understanding of the edge excitations in the hierarchy FQH states and the
Jain’s FQH states. Those new developments can be found in Ref. 20.
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APPENDIX

In this appendix we would like to show that the vacuum expectation values of the
commutators (17) imply the operator relations (19) in the subspace of states with small
momenta. Our derivation relies on the locality of the theory.

First we would like to show that (18) is valid in the small-momentum subspace. We
know that jα

I,k|0〉 is an eigenstate of H:

H jα
I,k|0〉 = cIk jα

I,k|0〉 (49)

provided that the momentum k is small. Let us consider a large wave packet of size l and
centered at σ

|ψIα
σ,k〉 =

∑

k′
e−(k′−k)2l2+iσ·k′jα

I,k′ |0〉. (50)

In the limit lk À 1 we have

H|ψIα
σ,k〉 = cIk|ψIα

σ,k〉+ O
(cI

l

)
.

Now consider a wave function with two wave packets

|ψIα
σ1,k1

; ψJβ
σ2,k2

〉 =
∑

k′
e−(k′−k1)2l2+iσ1·k′jα

I,k′
∑

k′′
e−(k′′−k2)2l2+iσ2·k′′jβ

J,k′′ |0〉. (51)

If the two wave packets do not overlap (i.e., |σ1 − σ2| À l) and if the interactions in the
theory are short ranged, we have

H|ψIα
σ1,k1

; ψJβ
σ2,k2

〉 = (cIk1 + cJk2)|ψIα
σ1,k1

; ψJβ
σ2,k2

〉+ O
(cI

l
+

cJ

l

)
. (52)

Because |ψIα
σ1,k1

; ψJβ
σ2,k2

〉 are superpositions of states jα
I,kj

β
J,k′|0〉 with (k, k′) near (k1, k2)

therefore jα
I,k1

j
β
J,k2

|0〉 should also have an energy near cIk1 + cJk2. More precisely

H jα
I,k1

j
β
J,k2

|0〉 = (cIk1 + cJk2)jα
I,k1

j
β
J,k2

|0〉+ O

(
cI + cJ

l

)
. (53)

The last term in (53) can be dropped if we take the limit l → ∞. Similarly we can show
that

H jα1

I1,k1
. . . jαI

IN ,kN
|0〉 = (cI1

k1 + . . . + cIN
kN )jα1

I1,k1
. . . jαN

IN ,kN
|0〉 (54)

if all momentum k1, . . . , kN are small. (54) implies (18) in the small-momentum subspace.
Now we would like to use (18) to show that the currents jα

I,k with different I are
independent, i.e., [

jα
I,k, j

β
J,k′

]
= 0 , I 6= J (55)

in the small-momentum subspace. Let us introduce

ÔI(t = 0) =
∫

hI(σ)jα
I (σ)dσ (56)
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where hI(σ) is a smooth function and is non-zero only when |σ| < l (here l is a large length
scale). Notice that [

ÔI(0), ÔJ (0)
]

= eiHt
[
ÔI(t), ÔJ (t)

]
e−iHt (57)

where
ÔI(t) = e−iHtÔI(0)eiHt =

∫
hI(σ − cIt)j

α
I (σ)dσ. (58)

The last equality in (58) is due to the fact that jα
I (σ) creates states with a fixed velocity

cI . When t is large enough, hI(σ − cIt) and hJ (σ − cJ t) do not overlap (notice cI 6= cJ ).
Assuming jα

I (σ) are local operators, i.e., [jα
I (σ), jβ

J (σ′)] = 0 when σ and σ′ are separated,
we have [

ÔI(t), ÔJ (t)
]

= 0. (59)

From (59) and (57) we conclude that (55) is valid in the small-momentum subspace.
Because the current jα

k generates U(1) symmetry, we have
[
jα
k=0, j

β
k

]
= 0. (60)

(60) can be rewritten as
[
jα
k=0, j

β
I,k

]
= Ô

αβ
I (k) (61)

∑

I

Ô
αβ
I (k) = 0 (62)

From (18) we see that [
H, Ô

αβ
I (k)

]
= cIkÔ

αβ
I (k). (63)

(63) and (62) imply that
Ô

αβ
I (k) = 0. (64)

From (64), (61) and (55), we find that
[
jα
I,k=0, j

β
I,k

]
= 0. (65)

In the following we would like to use (17), (65), (55) and the locality of the theory to
derive the operator relation (19). From (17) we find that the commutator [j+

I,k, j+
I,k′] must

have a form

[
j+
I (σ), j+

I (σ′)
]

=− |ηI |iδ′(σ − σ′) + δ′(σ − σ′)Ô1

(
σ + σ′

2

)

+ δ′′′(σ − σ′)Ô3

(
σ + σ′

2

)
+ . . .

(66)

where the operators Ôi satisfy
〈0|Ôi|0〉 = 0. (67)
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From (65) we find ∫
dσ

[
j+
I (σ), j+

I (σ′)
]

= 0 (68)

which implies
1
2
Ô′1(σ) +

1
8
Ô′′′3 (σ) + . . . = 0. (69)

The operator Ô1(σ) can be solved from (69):

Ô1(σ) = Ô0(σ)− 1
4
Ô′′3(σ)− 1

16
Ô′′′′5 (σ)− . . . (70)

where Ô0 is a constant operator (i.e., independent of σ):

Ô0(σ) = Ô0(σ′). (71)

Because j+
I (σ) is assumed to be a local operator, the operators Ôi (i = 0, 1, . . .) derived

from j+
I (σ) are also local operators. A local constant operator with zero vacuum expecta-

tion value must be zero. This is because for an arbitrary local operator Φ(σ0)

[Ô0(σ), Φ(σ0)] = [Ô0(σ′), Φ(σ0)] = 0 (72)

if we choose σ′ to be far away from σ0. Therefore, in the Hilbert space generated by local
operators, the operator Ô0 must be proportional to the identity operator. Since Ô0 has a
zero vacuum expectation value, Ô0 must be zero.

Substituting (70) into (66) we find that

[
j+
I (σ), j+

I (σ′)
]

=− |ηI |iδ′(σ − σ′) +
[
δ′′′(σ − σ′)Ô3

(
σ + σ′

2

)
− 1

4
δ′(σ − σ′)Ô′′3

(
σ + σ′

2

)]

+
[
δ′′′′′(σ − σ′)Ô5

(
σ + σ′

2

)
− 1

16
δ′(σ − σ′)Ô′′′′5

(
σ + σ′

2

)]

+ . . . (73)

In the momentum space (73) can be written as

〈−k4|[j+
I,k1

, j+
I,k2

]|k3〉

=
1
L

∫
dσdσ′ei(k1σ+k2σ

′)
[
−|ηI |iδ′(σ − σ′)δk3+k4

+ δ′′′(σ − σ′)〈−k4|Ô3

(
σ + σ′

2

)
|k3〉

−1
4
δ′(σ − σ′)〈−k4|Ô3

(
σ + σ′

2

)
|k3〉+ . . .

]

= |ηI |k1δk1+k2
δk3+k4

+
[

i

8
(k1 − k2)3ξ2f3(k3, k4) (74)

+
i

32
(k1 − k2)(k3 + k4)2ξ2f3(k3, k4)

]
δk1+k2+k3+k4

+ . . .
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where
〈−k4|O3(σ)|k3〉 = ei(k3+k4)σξ2f3(k3, k4) (75)

and ξ is a typical length scale in the microscopic theory. Notice that O3(σ) has a dimension
(length)2. f3(k3, k4) in (75) is a dimensionless function of order O(1). For small ki (i.e.,
k2
i ξ2 ¿ 1) the second term in (74) can be ignored comparing to the first term. Therefore

(19) is valid in the small-momentum subspace.
In the following we would like to derive the commutators of the SU(2) currents, (41).

Following the above discussions for the U(1) current, we can easily show that
[
H, ja±

I,k

]
= cIkja±

I,k (76)

[
ja±
I,k , jb±

J,k′

]
= 0 , I 6= J. (77)

The current conservation ∂tj
a0 + ∂σjaσ = 0 and (76) imply that

ja−
I = 0 (78)

in the small-momentum subspace.
Using the SU(2) algebra

∫
dσ

[
ja0(σ), jbα

I (σ′)
]

= εabcjcα
I (σ′) (79)

we can show that (following a similar derivation leading to (65) and using (78))
[
ja+
I,k=0, j

b+
I,k

]
=

1√
L

εabcjc+
I,k. (80)

In general the current commutator can be written as
[
ja+
I (σ), jb+

I (σ′)
]

=− lI
2

iδ′(σ − σ′) + δ(σ − σ′)Ôab
0

(
σ + σ′

2

)

+ δ′(σ − σ′)Ôab
1

(
σ + σ′

2

)
+ δ′′(σ − σ′)Ôab

2

(
σ + σ′

2

)
. . .

(81)

where Ôab
i (σ) satisfy

Ôab
i (σ) = −(−)iÔba(σ) (82)

The operators Ôab
i (σ) have zero vacuum expectation values as implied by (39). (79) implies

that √
π

2
εabcjc+

I (σ) = Ôab
0 (σ)− 1

2
Ôab′

1 (σ)− 1
4
Ôab′′

2 (σ) + . . . (83)

Using (82) we can break (83) into two equations
√

π

2
εabcjc+

I (σ) = Ôab
0 (σ)− 1

4
Ôab′′

2 (σ)− 1
16

Ôab′′′′
4 (σ) + . . .

0 = −1
2
Ôab′

1 (σ)− 1
8
Ôab′′′

3 (σ) + . . .

(84)
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Because Ôab
i (σ) has a dimension (length)i−1, the matrix elements of (∂σ)iÔab

i (σ) in the
small-momentum subspace contains a factor (kξ)i−1. Therefore in the small-momentum
subspace the operators Ôab

i (σ), i = 2, 3, . . . in (81) and (84) can be set to zero. In
the previous calculation we also show that Ôab

1 (σ) vanishes if Ôab
1 (σ) satisfies (84) and

〈0|Ôab
1 (σ)|0〉 = 0. From (84) we find that Ôab

0 (σ) = π√
2
εabcjc+

I (σ). After dropping

Ôi(σ), i = 1, 2, . . . from (81), we find that (81) is equivalent to (41). In this way we
show that (41) is valid in the small-momentum subspace.
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FIGURE CAPTIONS

Fig. 1: Electrons on the annulus form a QH state.

Fig. 2: The Feynmann diagram which contributes to the current-current correlation functions.

Fig. 3: The shaded region represents the energies and the momenta of the states created by
the boundary current. (a) The low lying states created by the current have discrete
velocities. (b) The low lying states have a continuous distribution of velocities.

Fig. 4: The energy spectrum (48) for (a) cIcJ > 0 and (b) cIcJ < 0. The dotted lines are
unperturbed spectrums.
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